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Abstract 

We review recent theoretical developments in heavy quarkonium physics from the 
point of view of Effective Field Theories of QCD. We discuss Non-Relativistic QCD 
and concentrate on potential Non-Relativistic QCD. Our main goal will be to derive 
QCD Schrodinger-like equations that govern heavy quarkonium physics in the weak 
and strong coupling regime. We also discuss a selected set of applications, which 
include spectroscopy, inclusive decays and electromagnetic threshold production. 



1 



Contents 



TABLE OF ACRONYMS 



I. Introduction 



II. NRQCD 



A. Degrees of freedom 



C. Lagrangian. currents and symmetries 



1. Poincare/reparametrization invariance 



D. Matching 



^^^mom^z^o^^^^^ 



F. Appl ication s: spectrum and inclusive decay widths 



1. Spectra 



2. Inclusive decay width; 



III. Potential NRQCD. The physical picture 



B. Strong-coupling regime 



IV. Pot ential NRQCD. The weak- co upling regime 



A. pNRQCD: the degrees of freedom 



C. Lagrangian and symmetries 



1^^3jgcrete_S TOimetries and Poincare invariance 



E. Matc hing: diagram matic approach 



1. Pinch singularitie; 



2. Potentials 



F. Matc hing: Wilson lo op approach 



^^jte^olaMn^fi^ld 



2. Matching at 0(r°.l/m°) 



12 
12 
14 
14 
17 
18 
24 
27 
28 
30 

33 
34 
35 

37 
37 

38 
39 
43 
45 
45 
50 
52 
54 
55 
57 



2 



3. Matching at 0(r^.l/m°) and CCr^.l/m") 



G. Obse rraj3lgs^__s]3ed^^ decay width; 



1. Heavy guarkonium mas! 

1 



^^^c^s^^^^c^^m^h 

H. Rmom^z^o^^TOuJ 



1. An example 



VI. (pINRQCD: the static limit 



A. NRQCD in the static hmit 



^^^teti^£>ffi^^^^i^^i^wea^£Ouglin^^giine 



C. The singlet static potential at short distances versus lattice 



D. Gluelumps versus lattice 



VII. Po tential NRQ CD. The strong-coupling regime 



A. Degrees of freedom 



D. Matching: analytic and non-analvtic mass term; 



E. Matching for |p| ^ Annn 



^^^^^^m^^^^^^^^ti^^ras^^m^^^^cchmic^^^^^hng 



2^^^atchin^_rftii£_^nal^tk_^er^^ 



3^^^atchin^_o£tii£_^nal^ti£^eri^^ 



4. Matching of the analytic terms: direct matching of Wilson-loop amplitudes 



^^^^^hm^^^^^^^^^^^te_termi 



F. Matching for |p| :» Aqnn >■ E 



1. pNRQCD' 



2. Matching pNRQCD to pNRQCD' 



59 
62 
62 
65 
67 
70 
74 



V. 


Renormalons and the definition of the heavy auar 


i mass 


75 




A. The pole mass and static singlet potential rcnormalon 




75 




B. Renormalon-subtracted scheme and power countinJ 




77 



81 
81 
83 
86 
87 

90 

91 

92 

93 

93 

95 

96 

100 

104 

106 

109 

112 

112 

113 



G. Potentials and spectra: lattice and models 



l^^^otentjjjg_ajjxi^ ^ from the lattice 



^^^^^^gjCuim^nodel! 



H. Inclusive decay widths into light particles 



VIII. Phgnmngngl^gic^^g^li^atimig 



A. Determinations of ruh and from the IS resonances 



^^^lec^^m^ne^^mc^fi^^^^c^^m^^^^^^^^re^ ^oupling regime 



D. Inclusive decay widths in the strong-coupling regime 



E. Non-relativistic sum rules 



^^^^^^^cMo^^e^^^^sh^ 



G. Semi- inclusive radiative decavs 



IX. Conclusions 



X. Prospects 



118 
120 
124 
124 

128 
128 
131 
133 
136 
140 
143 
145 

149 

150 



References 



152 



TABLE OF ACRONYMS 



For ease of convenience, we list below the acronyms used in the review. 

2 PI: Two-particle irreducible 

2PR: Two-particle reducible 

DR: Dimensional Regularization 

EFT: Effective Field Theory 

IR: Infrared 

HQET: Heavy quark effective theory 

LO: Leading order 

MS: Minimal subtraction 

NLO: Next-to-leading order 

NNLO: Next-to-next-to- leading order 

NNNLO: Next-to- next-to-next-to- leading order 
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LL: Leading- logarithm order 

NLL: Next-to-leading-logarithm order 

NNLL: Next-to- next-to-leading-logarithm order 

NR: non-relativistic 

NRQCD: Non-relativistic Quantum Chromodynamics 

NRQED: Non-relativistic Quantum Electrodynamics 

pNRQCD: potential Non-relativistic Quantum Chromodynamics 

PS: Potential-subtracted 

QFT: Quantum Field Theory 

QCD: Quantum Chromodynamics 

QED: Quantum Electrodynamics 

RG: Renormalization group 

RS: Renormalon-subtracted 

SCET: Soft-collinear effective theory 

US: Uhrasoft 

UV: Ultraviolet 

vNRQCD: velocity Non-relativistic Quantum Chromodynamics 



I. INTRODUCTION 



In order to understand human scale processes, a classical NR picture of physics based on 
Galilean symmetry proves sufficient. Until the beginning of the last century, this picture, 
supplemented with electromagnetism, was enough in order to understand the majority of 
processes observed in nature. At the start of the quantum age, it is again a NR equation, 
the Schrodinger equation, which proved to be the most successful in explaining the atomic 
and nuclear spectra. 

High-energy processes are far away from human scale processes. They are described in 
present days by relativistic QFTs. Under some circumstances however, high-energy processes 
develop a NR regime and produce bound states that behave very much like atoms. 



The disc overv of the Jl'ib. a 



and SLAC (^Aubert et o,l. 



leavv resonance with a very narrow width, in Brookhaven 



Augustin e.t al 



19741 ) ■ which was later on identified with a 



5 



bound state of a new (heavy) quark, charm, and its antiquark, namely a charmonium (cc) 
state, opened up the possibihty to use a NR picture in the realm of QCD, the fundamental 
QFT of strong interactions. This possibility was enhanced three years later by the discov- 
ery of the T, an even heavier and narrower resonance, which was again interpreted as a 
bound stat e of a new (heavi er) quark, bottom, and its antiquark, namely a bottomonium 
(bb) state (|Herb et all |l977|). In fact, the narrow width of these resonances proved to be 



crucial to e stablish QCD as the sector o 



interaction (|Appelquist and Politzei . 



1975 



the Standard Model that des cribes the strong 



De Ruiula and Glashow . 



19751). From that mo- 



ment on, charmonia and bottomonia have been throughly studied, and still are a subjec ; 



of intensive theor etical and experimental research (see for instance (jBrambilla et al. 



Skwarnickil . 



2004; 



2004 )). They can indeed be classified in terms of the quantum numbers of a NR 



bound state, and the spacing of the radial excitations and of the fine and hyperfine splittings 
has a pattern similar to the ones in positronium, a well studied QED N R bound state. A 



related system, the be bound state (Be) has also been found in nature (lAbe et all Il998ri 



The h eaviest of the quarks, the top, which has recently been found at Tevatron (I Abe et al 



19941 1 ■ has a large decay width (due to weak interactions) and is not expected to form narrow 



t-t resonances. However, the production of t-i near threshold, namely in the NR regime, will 
be one of the major programs at the Next Linear Collider. 

These systems will be denoted by heavy quarkonium. They are characterized by, at 
least, three widely separated scales: the hard scale (the mass m of the heavy quarks), the 
soft scale (the relative momentum of the heavy-quark-antiquark |p| = p ~ mv, v <^ 1), 
and the US scale (the typical kinetic energy E ~ mv'^ of the heavy quark and antiquark). 
Moreover, by definition of heavy quark, m is large in comparison with the typical hadronic 
scale Aqcd- Hence, processes that happen at the scale m are expected to be successfully 
described in perturbation theory, due to the asymptotic freedom of QCD. This explains why 
the narrow heavy quarkonium widths could be qualitatively understood as a manifestation 
of asymptotic freedom. However, lower scales, like |p| and E, which are responsible for 
the binding, may or may not be accessible to perturbation theory. The appearance of all 
these scales in the dynamics of heavy quarkonium makes its quantitative study extremely 
difficult. This is even so in the weak-coupling regime, where the system becomes Coulombic. 
Nevertheless, by exploiting the hierarchies m ^ p ^ E and m ^ Aqcd the problem can 
be considerably simplified. This may be done in any particular calculation for a given 
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observable, or, alternatively, using EFTs. In the latter, the hierarchies of scales are exploited 
at the action level producing universal results independent of particular observables, which 
is far more advantageous. The basic idea behind EFTs is that to describe observables 
of a particular (low) energy region, one can integrate out the degrees of freedom of the 
other regions. This produces an effective action (for the EFT) involving only the degrees of 
freedom in the region we are interested in. Calculating with the effective (EFT) or with the 
fundamental (QCD) action gives equivalent physical results as far as that particular region 
is concerned, but calculations are much simpler with the EFT. In heavy quarkonium, we 
are interested in physics at the low energy scale E. Hence EFTs, which have energy scales 
larger than E integrated out, can be and have been built. They have led to a major progress 
in our understanding of heavy quarkonium in recent years. We will devote this review to 
these new developments. Before that, let us put this progress in a historical perspective. 

The discovery of bottomonium and charmonium triggered the use of NR potential mod- 
els (where the physics of the bound state is described by a Schrodinger equation). The 
main input in this approach is the potential introduced. At lowest order in the weak- 
coupling regime (|p| ^ Aqcd), the potential is Coulombic. Hi gher-order corrections to 



the potential in perturbat i on theory were obtained over the years (IBuchmiiller 



Gupta and Radfor' 



2 



1981 



1982; 



Pantaleone et al 



1986 



Titard and Yndurain 



et al 



1981 



19941 ). even 



though the computations were difficult due to the several scales involved. It was also not 
clear how to systematically incorporate US effects (for instance, let us mention the infrared 
sensitivity found in the static potentia l iAppelauist et al . 1978 ) or in the one-loop calcula- 



tions of P-wave decays (jBarbieri et al 




). In any case, the observed bottomonium and 



charmonium spectra turned out not to be C oulombic and p 



tentials were necessary to reproduce them ( (jEichten et al 



lenom enol qgically fine-tuned po- 



19781), see (jBrambilla and Vairo 



1999a|) for more references). This motivated attempts to derive the heavy-quarkonium po- 
tential from QCD without relying on perturbation theory. The idea was to find gauge 
invariant expressions for the potentials (within an expansion in 1/m) in terms of the ex- 
pectation values of Wilson loops. Several methods have been worked out over the years 
and expre ssions for the spin- dependent and -independent po t entials up to 0(l/m'^) were 



obtained (IBarchielh et al 



199Q 



198J 



1988: 



Brown and Weisbergen. 



I979I 



Eichteri and Feinbere . 



1981 



Gromes 



1984; 



Peskin 



Susskind 



1977 



Szczepaniak and Swanson 



1997 



1974f ). All the obtained potentials have been investigated on the lattice (see (jBali 120011 ) 



Wilson 
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for a recent review). However, these results had a number of shortcomings. (|Lucha et al. 
19911 ) pointed out that, if calculated in perturbation theory, the potentials obtained from 
the Wilson loop approach missed the hard l ogarithms ~ In m presen t in the potentials di- 



rectly computed from QCD. More recently, (jBrambilla et al. 



2001bf ) also pointed out that 
not only hard logarithms, but some of the potentials, relevant at relative order in the 
spectrum, were missed as well. Finally, the IR divergences in the perturbative computation 
of P-wave decays seemed impossible to accommodate in that framework. Overall, a more 
systematic and controlled derivation of the NR dynamics from QCD was required. 

Independentlv of the li ne above, NRQED, an EFT for NR leptons, was introduced 



( Caswell and Lepage 



1986^ . It turned out to provide the first and decisive link in the chain of 



developments that we will review here. NRQED is obtained from QED by integrating out the 
hard scale m. It is characterized by an UV cut-off much smaller than the mass m and much 



large r than any other scale. NRQ CD, which also appear s in th e title of (|Caswell and Lepage , 



19861 ). was born soon afterwards (jLepage and Thackerl . 119881 ). The Lagrangian of NRQCD 
can be organized in powers of 1/m, thus making explicit its NR nature. To each power in 
1/m, a set of operators (which encode the low-energy content of the theory) and matching 
coefficients (which encode the effects due to degrees of freedom with energy of 0{m) that 
have been integrated out from QCD) are associated. Namely, in NRQCD the contributions 
coming from the hard scale m are factorized. NRQCD had two major virtues that we would 
like to pont out here: (i) it could be rigorously derived fr om QCD in a svstematic na anner 
(providing an optimized framework for lattice simulations (jThacker and LepageLll991l )) and 
(ii) it solved the problem of the IR divergences of the P-wave decays of heavy quarkonium. 
This solution, however, came to the price of introducing the so-called color-octet matrix 
elements, which could not be incorporated i n the Schrodinger- like formulations available at 
that time. In spite of this, it was noted in (jChen et all 119951 ) that if the non-perturbative 
potentials were calculated starting from NRQCD instead of from QCD, the problem of the 
missing hard logarithms mentioned above disappeared^. This raised again some hope that 
NR potential models could eventually be regarded as EFTs of QCD. It also made it evident 
that the potential models available, even those in which the potentials were obtained in 



^ These are included in tlie matching coefhcients of the theo ry and may be transferred to the potentials b; 



expanding Green functions in NRQCD instead of in QCD l|Bali et 



Chen et al. 



199. 



i 



1997 



Brambilla and Vairc 



ten tials by 
irol ll999bl 
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terms of Wilson loops, were not controlled derivations from QCD and that first-principles 
computations of heavy quarkonia should better be done within the framework of NRQCD. 

NRQCD itself was, however, not free of shortcomings. The main problem was related to 
the fact that both soft and US degrees of freedom were entangled. This had ef fects on (i) the 



powe r counting rules, which were not homogeneous (the power counting by ([Lepage et al. 



19921 ) ■ which assumed that Aqcd < mf^, catches the leading order contribution of the ma- 
trix elements but there are also subleading contributions in f); and on (ii) the perturbative 
calculations, which were dependent on two scales and, therefore, still difficult to compute. 
Another problem was that the first computations in NRQCD were based on cut-off regu- 
larization^, whereas the calculations in QCD are often done in DR. Attempts to perform 
the matching between QCD and NRQCD using DR had the drawback that the naive in- 
corporation of the kinetic term in the quark propagator jeopardized the power counting 
rules. 



A solution to the last problem was first proposed by (jManoharl Il997f ). There, it was 
argued that the matching between QCD and NRQ CD in the biline ar sector of the theory 
in DR should be performed just as in HQET (see |Neubert . 1994 ) for a review), namely 
treating the kinetic-energy term as a perturbation. Along the same lines, the matching 
of QCD to NRQCD in the 4-fermion sector , where the Coulomb po le enhancement starts 



playing a role, was performed soon after by ([Pineda and Sotd . ll998al jd). The key point was 
that, in order to carry out the matching, it is not so important to know the power counting 
of each term in the effective theory, but to know that the remaining dynamical scales of the 
effective theory are much lower than the mass: m ^ |p|, Aqcd- 

Coming back to the main problem, the first works addressing the entanglement of the soft 
and US scales in NRQCD tried to classify the different momentum regions existing in a purely 
perturbative version of NRQCD and/or to reformulate NRQCD in such a way that some of 
these regions were explicitl y displayed by introducing new fields in the NRQCD Lagrangian. 



In particular, we mention (jLabelM 



used and the subsequen t work by (jOrinstein and R,othstein , 



19981) where a diagrammatic approach to NRQED was 



Luke and Savage . 



Luke and Manohar 



19981) in NRQCD. All these early attempts turned out to be missing some 



In an y case, the simplifications compared with purely relativistic Bethe-Salpeter-like l|Bethe and Salpeter , 
195l[l computations were enormous and led to a plethora of new results in QED, see for inst ance 
Imil and LepageLboodlHiilboOlifHoang et a/.[ll997tlKinoshita and Nioi llQQet Eabelle et a/.l.ll997 1. 



relevant intermediate degrees of freedom. 



The first complete solution came in (jPineda and Soto 



1998a| ). The idea was to build an 



EFT containing only the degrees of freedom relevant for Q-Q systems near threshold, i.e. 
those with E mv"^, and as close as possible to a Schrodinger-like formulation (see also 



( Lepage . 



19971 1). All other degrees of freedom were to be integrated out. The EFT, which 



> pNRQCD 



was called pNRQCD had, roughly, the following structure: 

£ = $(r)t f^^o- p1_ V{0)(^) 
\ 2m 

+ corrections to the potential 

+ interactions with other low-energy degrees of freedom^ ^(r) 

where V^^\r) is the static potential {—Cpces/r in the perturbative case) and $(r) is the 
field associated with the Q-Q state. This EFT turned out to meet all our expectations: it 
achieved the factorization between US and higher energy modes, had a definite power count- 
ing (at least in the perturbative regime), and was very close to a NR Schrodinger-like formu- 
lation of the heavy quarkonium dynamics. In the Lagrangian, there appear potentials. These 
are the matching coefficients of the theory and are calculated by ma t ching with NRQCD am- 



plitudes, either using Fevnman diagrarns (se e (jBeneke et al. 



Kniehl al. 



2nn2bl : 



Pineda and Soto 



1999 : 



Czarnecki et al 



19991 ) for specific 



sec. IIV.EI for further details) or Wilson-loop amplitudes (jBrambilla et al. 



examples in QCD and QED and 



1999U|2000|). In 



the perturbative regime, a confirmation that pNRQ CD was able to catch all t 



le relevant 



dynamical regions came from diagrammatic studies. (jBeneke and Smirnovi . Il99g l made the 



most complete classification of (perturbative) momentum regions to date by a diagrammatic 
study called the threshold expansion. In the language of the threshold expansion, the match- 
ing between NRQCD and QCD corresponds to integrating out the hard region and pNRQCD 
is obtained from NRQCD by integrating out what are called soft quarks and gluons and po- 
tential gluons. Finally, we mention two later w orks, which dealt with reformulating NRQCD 



within an effective Lagrangian formalism. In (jGriesshammerl. 



of NRQCD were made explicit in the Lagrangian. In (jLuke et al 



1998 ) all d egrees of freedom 



200ol ) the question on 



how to obtain RG equations for NR systems was addressed for the first time. The res ulting 



mm)- All 



formalism is now known as vNRQCD (for a review on this theory see (jHoan^ 
these formulations should be equivalent to pNRQCD, once the same degrees of freedom have 
been integrated out. 
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This closed the circle, connecting QCD with a properly modified Schrodinger-like formu- 
lation in the weak-coupling regime. Compared with the traditional methods, perturbative 
computations are optimized since only one scale appears in each of the Feynman integrals. 
The interaction with US gluons is treated in a quantum field theory fashion but yet every- 
thing can be encoded in a Schrodinger-like formulation. The applications of these ideas to 
QED have also been very successful. We refer to sec. lIV.GI for references. 

The natural question then was: what happens in the strong-coupling regime? The ap- 
plication of EFTs has also led to a well-founded connection with QCD in this regime. 
The potentials are now understood as matching coefficients to be obtained by compari- 
son with NRQCD. This (along with new computational techniques) has solved the prob- 



lems mentioned 



Defore al 



( Brambilla et al. 



2nnib 



owing for the cornplete computation of the potential at 0{l/m?) 



Pineda and Vaird. I200]J) 



terms in the 1/m expansion (|Brambilla et al. 



as well as identifying new non-analytic 



■ l2004 l). and the solu tion of the IR sensitivit y 



of the P-wave decays in terms of singlet fields and potentials only (jBrambilla et a/.l . I2nn2ar ). 
Again, the use of EFTs has allowed to close the circle and connect QCD with a properly 
modified Schrodinger-like formulation in the strong-coupling regime. 

Heavy quarkonium lives nowadays in a new golden age. In the early seventies, its high- 
energy nature helped to establish asymptotic freedom and QCD as the fundamental theory 
of the strong interaction. Later on, its NR nature served as a playground for many models 
of the low-energy dynamics of QCD. Since the nineties, due to the rise of EFTs for heavy 
quarks, heavy quarkonium observables can be rigorously derived from QCD, low and high 
energy modes factorized, large logarithms systematically resummed. From a conceptual 
point of view, the origin and the exact meaning of a QCD Schrodinger-like equation has 
been clarified. In the weak-coupling regime, this opens up the possibility to have precision 
determinations of the Standard Model parameters to which heavy quarkonium is sensitive: 
Os and the heavy quark masses. In the strong-coupling regime, heavy quarkonia are, thanks 
to their wealth of scales, an ideal laboratory in which to probe the structure of the QCD 
vacuum. 

It is our aim to review here the recent developments in heavy quarkonium physics men- 
tioned above from the point of view of EFTs. Our main goal will be to derive the QCD 
Schrodinger-like equation that governs heavy quarkonium physics in the weak and strong 
coupling regime. We will not be exhaustive in most of the derivations but concentrate on 
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the main ideas and general lines of development with spotted examples to illustrate the pro- 
cedure. Then we will discuss a selected set of applications. The review is not exhaustive. In 
particular, we will not discuss one of the major phenomenological successes of NR QCD: to 
provide an explanat i on of the heavy quarkoniu i n production r ate at the Tevatron (jBenekd . 



1997 



Bodwin et al. 



200.4 



Braaten et al. 



1996 



Kramer 



200 1^ . 



Before moving to the main body of the review, we list here our main notational choices 
( Yndurainl . Il999l ) . The QCD Lagrangian density reads 



niijqi 



1=1 



(1) 



where = 5^ + ^S'^/i, igG^iv = [Df^,Di,], qi are the quark fields and rrii their current 
masses. Nf is the total number of quark flavors. In the review, we will often indicate with 
the capital letter, Qj, the heavy quark fields and always set to zero the light quark masses. 
In the EFT, the heavy quark masses will be also indicated by mj, but always understood, if 
not differently specified, as pole masses. The strong-coupling constant, = /{An), in the 
presence of rij light quarks runs, at energies below the heavy quark thresholds, as 



V- 



a. 



-2«s<!/9o^ + /3i 



+ 



(2) 



where 



/3o 



11 



Ca - i^TpUf 



Pi 



34^2 20 



CaTfUj — ACpTpUf, 



3 ^ 3 

and Ca = N^ = 3, Cp = {N^ - l)/(2 N,) = 4/3 and Tp = 1/2. 

The basic computational techii i ques for perturbative QCD used through the review can 
be found in (|Pascual and TarrachL Il984^ . 



II. NRQCD 

A. Degrees of freedom 

NRQCD is designed to describe the dynamics of a heavy quark and a heavy antiquark 
(not necessarily of the same flavor) at energy scales (in the center of mass frame) much 
smaller than their masses, which are assumed to be much larger than Aqcd, the typical 
hadronic scale. At these energies, further heavy quark-antiquark pairs cannot be created 
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so it is sufficient, and convenient, to use Pauli spinors for both the heavy quark and the 
heavy anti-quark degrees of freedom. We shall denote by iIj{x) the Pauli spinor field that 
annihilates a quark and by x{^) the one that creates an antiquark. Both iIj{x) and x{^) 
transform in the fundamental representation of color SU(3). The remaining (light) degrees 
of freedom are the same as in QCD, except for the UV cut-offs as we shall discuss below. In 
particular, the gluon fields will appear in covariant derivatives D^^ and field strengths G^^. 
For instance, we shall see that the leading-order Lagrangian density for the heavy quark and 
antiquark fields reads 

In a NR frame, the energy and three- momentum of the heavy particles scale in a different 
way and hence a different UV cut-off may be introduced for each: Ug and Up respectively. 
However, NRQCD is usually considered as having a single UV cut-off u^r = {up, Us} satis- 
fying E,p, Aqcb <^ ^NR ^ fn', J^p is the UV cut-off of the relative three-momentum of the 
heavy quark and antiquark; is the UV cut-off of the energy of the heavy quark and the 
heavy antiquark, and of the four-momentum of the gluons and light quarks. 

From a Wilson RG point of view, NRQCD is obtained from QCD by integrating out 
energy fluctuations about the heavy quark (heavy antiquark) mass and three- momentum 
fluctuations up to the scale u^r for the heavy quark (heavy antiquark) fields, and four- 
momentum fluctuations up to the same scale for the fields of the light degrees of freedom. 
Since ^ Aqcd, this can be carried out in practice pertu rbatively in as{i^iyfi). Within the 
threshold expansion fiamewoik (jBeneke and Smirnovl . 119981 ). this corresponds to integrating 
out the hard modes of QCD. 

If the quark and antiquark have the same flavor, they can annihilate into hard gluons, 
which have already been integrated out and are not present in the NRQCD Lagrangian. 
This implies that, in this case, the QCD Lagrangian must, and will, contain imaginary 
Wilson coefficients. The non-Hermiticity of the NRQCD Lagrangian, which at ffist sight 
may appear rather unpleasant, if not disastrous, turns out to provide an extremely powerful 
tool for calculating inclusive decay widths to light particles. 
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B. Power counting 



From the discussion above, it follows that the NRQCD Lagrangian can be organized as 
a power series in l/mq (and l/mg). The Wilson (matching) coefficients of each operator 
depend logarithmically on mq {itiq), u^r and, as mentioned before, can be calculated in 
perturbation theory in asii'NR)- Hence the importance of a given operator for a practical 
calculation not only depends on its size (power counting), which we will briefly discuss next, 
but also on the leading power of that its matching coefficient has. 

Since several scales [E, |p|, Aqcd) remain dynamical, it is not possible to assign a size to 
each operator unambiguously without extra assumptions: no homogeneous power counting 
exists. As we will see below, th e introduction of pNR QCD facilitates this task. The original 



power counting introduced by (jBodwin et all 119951 ) assumes Aqcd ~ ~ mv'^, and hence 
IpI ~ mv ^ Aqcd, v ~ as{mv) -C 1. We will see that this implies that the bound state is 
Coulombic (positronium-like). In this case homogeneous power counting rules can be given 
using pNRQCD in the weak-coupling regime (ch. llVjl . Nevertheless, it is unlikely that the 
whole heavy quarkonium spectrum can be described by this power counting and alternatives 
need to be explored. We only anticipate here that in the strong-coupling regime of pNRQCD 
the following scaling will be considered: E <^ lp l .^ Ap cp. T he issue of the power counting 
of NRQCD has also been addressed by (jBeneke, 



19971 ) and ([Fleming et al. 



20011) (see also 



the discussion in sec. III.F|) . In both cases, the authors allow for some freedom in the possible 
size of the NRQCD matrix elements by introducing a parameter A that interpolates between 
different power countings. 



C. Lagrangian, currents and symmetries 

The allowed operators in the Lagrangian are constrained by the symmetries of QCD. 
However, due to the particular kinematic region on which we are focusing on, Lorentz 
invariance is not linearly realized in the heavy quark sector, and it is not straightforward 
(though certainly possible, as will be discussed below) to implement. One has, in a ffist 
stage, to content oneself with implementing the rotational subgroup only. Including n/ 
light quarks, the NRQCD Lagrangian density for a quark of mass mi and an antiquark of 
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mass m-), (^^i \ ^ ^ocd) reads at O 



Bodwin et al 



1995 



Caswell and Lepage 



1986 



Manohai 



19971) : 



fjBauer and Manohaii . Il998 : 



NRQCD 



(4) 



1 / 



,9 (1) ^9 (2) 



+ 



(5) 



« (1) (2) 



mr m 



. I 11(1) II (2)- 



+ 



+ 7: 



1 /d 



II (2) 



8 \ mf 



+ 



Co 



TTln 



9^ Qn^Qi QjlfiQj 



+ - 



1 c 



II (1) II (2) ■ 



C (1) (1) (1) 

liTLi Srui 2mi 



.(1) 



'^D /-ni „T „Tr. T-»\ , „• "^5 



(1) 



B-gE-gE-B)+i -^ct ■ (D x ^^E - f^E x D) 



6m 



hi (I) "/ "/ 



1=1 



hi (1) 



hi (1) 



8mf ^ 



1=1 



i=l 



(6) 



(7) 



£^ = c.c. of £^(1 ^ 2), 



mim2 



mim2 



mim2 



mim2 



where 



(8) 



(9) 
(10) 



We also include the D^/(8m'^) terms since they will be necessary later on. 



15 



The matching coefficients are symmetric under the exchange mi ^ m2, <t are the Pauh 
matrices, iD^ = Z(9° - gA^, iB = iV + gA, E' = , = -eijk&^/2, eijk being the usual 
three-dimensional antisymmetric tensor^ ((^ix b)* = tijkSi'h^) with €123 = 1, and c.c. stands 



for charge conjugate {ip^ = —ia x*^ = ia ip* and = —A 

The NRQCD Lagrangian is defined up to field redefinitions. In the expression adopted 
here, we have made use of this freedom. Powers larger than one of iDq applied to the quark 
fields have been eliminated. We have also redefined the gluon fields in such a way that the 
coefficient in front of —G^^°'G'^^^/ A in Cg is one. This turns out to be equivalent to redefining 
the coupling constant in such a way that it runs with Nf — 2 = nr fiavors (for mi ^ m2, 
Nf — 1 = Uf for mi = m?) , where Nf are the fiavors in QCD jpineda and Soto . 1998c ) (see 



also ( Griesshammei 



2000[ ) for a calculation of the (3 functi on in NRQCD). A possible term 



G^^^DyG^"""" has been eliminated through the identity (jManohar 



19971) : 



j d^x (2 D^' Gl^ G"^"" + 2 (7 fabc G^G^^'aG"'"' + G% G^'^") = 0. (11) 



Finally, a possible term li 



ce cG^„,D^G^'^'^ has been eliminated through the field redefinition 



A^,^ A^ + 2c Gc,y\ (jPineda and VairoL 120011 ). 



The Wilson coefficients appearing in the NRQCD Lagrangian will be discussed in 
sec. Ill.DI The 0(\/m?) Lagrangian (without the light-fermion sector) can be found in 
fjManohai ■ Il997r). The Feynman rules associated to the first two lines of Eq. ((7j) can be 



found in (Bodwin and Chen 



19991 ). 



NR currents should also be considered, since they appear in inclusive (electromagnetic) 
decays, NR sum rules or t-i production near threshold. Similarly to the Lagrangian, they 
can be written as an expansion in 1/m times some hard matching coefficients times some 
NR (local ) operators. For instance, the electromagnetic vector and axial-vector currents 
read (see (|Hoang and Teubneii . 119991 1) 



ha 

"1,NR 



m 



6m^ 

I Dx(T)kx)ix) + ... 



(12) 
(13) 



where ^|J'' D x = ^H-Dx) ~ (D'^Vx a-^id the dots stand for corrections, which do not 
contribute at NNLO order for S-waves. In practice, most of the physical information can 



In DR several prescriptions are possible for the eijk tensors and cr. Therefore, if DR is used, one has to 
make sure that one uses the same prescription as that one used to calculate the matching coefficients. 
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be extracted from the imaginary parts of the 4-fermion operators, which are discussed in 
sec. IILF.2I In particular, the matching coefficients &i,nr ^2,nr '^^^ be traded for the 
matching coefficients Im /em(^'S'i) and Im 5'em('^5'i) respectively. 



1. Poincare/reparametrization invariance 

The QCD Lagrangian is invariant under Lorentz boosts. However, the NR expansion 
has destroyed the manifest invariance of the EFT under Lorentz boosts. Since the EFT is 
equivalent to QCD at any order of the strong-coupling and NR expansion, the invariance 
under Lorentz boosts is not lost, but must be somehow incorporated in the EFT. Indeed, it 
imposes specific constraints on the form of the EFT itself. 

Constraints imposed by the relativistic invariance have been first worked out for 
HQET, which coinc i des with NRQCD in the bilinear sector of the heavy-quark fields 



( Luke and Manohar 



1992 : 



Manohar 



19971 ). In HQET the realization of the relativistic 



invariance is called reparametrization invariance. It imposes constraints on the Wilson co- 
efficients of the EFT. For instance: 



C4 = 1, 



2CF-CS -1=0, 



(14) 



where we have dropped the explicit indication of the fiavor index. 

An alternative derivation consists of imposing the Poincare algebra on the generators H, 



P, J and K of time t ranslations, space trans. 



mations of NRQCD (IBrambilla et al 



ations, rotations, and Loren tz-boosts tra nsfer- 



2003b!). The idea originates from (jDirac 



19491 ). and 



has bee n used to con s train the form of the relat i vistic corrections to phenpmenological poten 



tials in (Foldv 



1961 



Kraicik 



and Foldvl. 



NR EFTs in ( Rrambilla et al. 



\2m. 



3 



I97I 



Vairo 



Sebastian and Yunl Il979[ ) . It was applied to 



2004ar ). In a field theory, the Poincare algebra 



has to be understood among fields quantized in accordance with the canonical equal-time 
commutation relations.^ The translation and rotation generators P and J may be derived 
from the NRQCD Lagrangian or by matching to the QCD generators. They are exact, 
because translational and rotational invariance have not been explicitly broken in going to 
the EFT. The Lorentz-boost generators may be obtained by matching order by order in 



^ More precisely, the algebra imposes relations among the bare fields and coupling constants. These relations 
are preserved in the renormalized theory if Poincare invariance is not broken by quantum effects. 
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1/m to the Lorentz-boost generators of QCD. They depend on some specific matching co- 
efficients independent of those in the Lagrangian. The NRQCD Poincare generators satisfy 
the Poincare algebra if Eq. (|14|) is satisfied for each flavor up to (9(l/m) a nd 0(V^ V/m^ 



(plus s ome other constraints on the matching coefficients appearing in K) (jBrambilla et al. 



2003bl ). Therefore, at the considered order, we get the same result as from reparametriza- 
tion invariance. The calculation of constraints specific to NRQCD, i.e. involving 4-fermion 
operators, has not been done in either approach yet. This would correspond to going to 
higher orders in 1/m. 

In general, we will constrain the matching coefficients of the kinetic energy in accordance 
with Eq. (HD). Occasionally, however, we will keep them explicit for tracking purposes. 

D. Matching 

The calculation of the Wilson coefficients of NRQCD is done through a procedure called 
matching. In a matching calculation suitable renormalized QCD and renormalized NRQCD 
Green's functions (or matrix elements) are imposed to be equal for scales below i/jvj? at the 
desired order of as and 1/m. In particular, the expansion of Green's functions in external 
energies E and three-momenta p must be equal. This fixes the matching coefficients, which 
will depend on the renormalization schemes used in QCD and in NRQCD. It extraordinarily 
simplifies calculations if these expansions are done before the loop integrals are performed. 
However, doing so may introduce IR divergences and for the equahty between QCD and 
NRQCD Green functions to remain valid the same IR regulator must be used in both 
theories. It is very convenient to use DR as an IR regulator as well as an UV one. This is 
so because all loop integrals in the NRQCD calculations will be scaleless and ca n be set to 



zero, as we will argue below. Let us advance what will happen. Schematically (jManohai, 



19971 ). one has 

^e// - ^] (15) 

in the EFT, which is zero if euv = in DR. Therefore, we only have to calculate loop 
integrals in QCD that depend on a single scale (m). Typically we get 

A— + B— + (A + B)\n — + D . (16) 
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Since the full and the effective theory share the same IR behavior B — —A^ff. Moreover 
the UV divergences are absorbed in the coefficients of the full and effective theory. In this 
way the difference between the full and the effective theory reads 

(A + S) In - + L> , (17) 
m 

which provides the one-loop contribution to the matching coefficients for the effective theory. 
It is implicitly in this procedure that the same renormalization scheme is used for both UV 
and IR divergences in NRQCD. In the QCD calculation both the UV and IR divergences 
can also be renormalizcd in the same way, for instance using the MS scheme, which is the 
standard one for QCD calculations. This fixes the UV renormalization scheme in NRQCD 
in which the Wilson coefficients have been calculated. This means that for these Wilson 
coefficients to be consistently used in a NRQCD calculation, this calculation must be carried 
out in the same scheme, for instance in DR and in the MS scheme. 

The matching calculation can be carried out in any gauge, since both the QCD and 
NRQCD Lagrangians are manifestly gauge invariant. However, since most of the times one 
is matching gauge-dependent Green functions, the same gauge must be chosen in QCD and 
NRQCD. Using different gauges or, in general, different ways to carry out the matching 
procedure, may lead to apparently different results for the matching coefficients (within 
the same regularization and renormalization scheme). These results must be related by 
local field redefinitions, or, in other words, if both matching calculations had agreed to use 
the same minimal basis of operators beforehand, the results would have coincided. If the 
matching is carried out as described above, it is more convenient to choose a covariant gauge 
(i.e. Feynman gauge), since only QCD calculations, which are manifestly covariant, are to 
be carried out. 

In the procedure described above, one may be worried about the fact that the NR prop- 
agator l/(p° — p^/m) contains the scale m, which spoils the usual argument (used in HQET 
for instance) that loop integrals in the EFT contain no scales once one has expanded in the 
external energies and three-momenta. Let us argue in the following paragraphs that the 
procedure is indeed correct. 

Consider first the single quark (antiquark) sector. In any diagram in NRQCD, one can 
always choose the momenta flowing along the heavy quark (antiquark) line in the same 
direction. Then all heavy quark propagators will have poles in either the lower or the upper 
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half of the complex plane only. Then, if all integrals over the energies flowing through 
the heavy quark propagators are carried out by closing the contour around the opposite 
half-complex plane, these energies will be substituted by linear dependencies in the three- 
momenta in the NR quark (antiquark) propagators. These linear dependencies dominate 
over quadratic dependencies of the kinetic terms both in the IR and in the UV. The latter is 
so because vnr is always smaller than m. Hence the kinetic term can be expanded and the 
integrals become dimensionless. In fact, in DR the kinetic term not only can but must be 
expanded, since this is the only way to implement that three-momenta must remain smaller 
than vnr- 

Consider next the quark-antiquark sector. Any fixed-order loop calculation may contain 
heavy quark-antiquark irreducible diagrams (meaning diagrams which cannot be discon- 
nected by cutting an internal quark line and an internal antiquark line) and heavy quark- 
antiquark reducible ones. 

Consider first a quark-antiquark irreducible diagram. The fact that at any point of an 
internal quark propagator there is always at least one gluon propagator (or two light quark 
propagators) in addition to an antiquark propagator allows to choose all momenta fiowing 
both along the quark and along the antiquark propagator in the same direction. Hence the 
poles of both the quark and antiquark propagators are in the same complex half-plane, and 
therefore the argument put forward for the single-quark sector also holds here. 

Consider finally a quark-antiquark reducible diagram. It can always be written as a 
series of 2PI diagrams linked by a quark and by an antiquark propagator. Let us choose 
the center of mass momentum to be zero and focus on one such 2PI block. If p {p') is the 
momentum flowing along the incoming (outgoing) quark line, then —p {—p') is necessarily 
the momentum flowing along the incoming (outgoing) antiquark line, (p"') has two 
relevant scalings, namely p^ ~ |p| and p° ~ p^/2m. If the scaling p° ~ |p| occurs, then 
kinetic terms ~ p^/2m can be neglected in the 2PI diagram and no further scale m will 
be introduced. If the scahng p° ~ p^/2m occurs, then can be neglected in the gluon 
propagators and the only dependence in p° can be reduced to either the quark or antiquark 
propagator. Furthermore, the internal energies in the 2PI diagram eventually take the value 
of the three-momenta |p| and hence p^ and p^/2m can be expanded. Hence in either case, 
no extra scales m are introduced in the 2PI diagrams and they can be set to zero. Consider 
now the link between two 2PI diagrams. If p° ~ |p|, the kinetic term can be expanded 
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and no further scale m is introduced. If p° ~ p^/2m, no further dependence on p° in the 
2PI diagrams exists, and hence the integral over p° can be trivially done inducing a m/p^ 
propagator so that the m dependence factorizes trivially. In summary, 2PR diagrams also 
become scaleless and can be set to zero. 

One might be worried about the appearance of pinch singularities when the kinetic terms 
are expanded in the links. Let us argue that they are of no concern. Recall first that 
pinch singularities blow up only after the limit r/ — > is taken, where irj defines the causal 
propagator. We prescribe to take this limit at the end of the calculation. If no other 
dependence on p° existed, we could carry out all integrals except the one over Since they 
have no scale, as argued before, and they contain no pinch singularities, they can safely be set 
to zero, and hence the net result is zero. If there are further dependencies on p", by fraction 
decomposition one can always isolate the pinch singularity in a term + iri){—p^ + irj) 
with no further dependencies on (plus other terms with no pinch singularity) and proceed 
as above. 

Let us finally note that this matching procedure corresponds to taking the purely hard 
contribution in the threshold expansion for the NRQCD matching coefficients. 

In order to address the matching calculation, we also need the relation between the QCD 
and NRQCD quark (antiquark) fields: 

gi(^)^4^^e-^™^V(x) , Q2ix) ^ Zl^^e^-^'xix) (18) 

At one loop, one obtains for the wavefunction renormalization constants 

a f 3 , mf \ ( ( (^\ '' 



Z. = l + C,-^-ln-^-lJ+(9^-j J , z = l,2. (19) 

Notice also that the states are differently normalized in relativistic ((p|p') = 
(27r)^2A/p^ + m^5^(p — p')) or NR ((p|p') = (27r)^(5^(p — p')) theories. Hence, in order 



to compare the S-matrix elements between the two theories, a factor (2a/p^ + m^)^/^ has to 
be introduced for each external fermion. 

For the single quark (antiquark) sector as well as for the purely gluonic sector, the match- 



ing coeffic ients have 
gauge by (|Manohai . 



3 een obtained at one loop up to (9(l/m ) in the background Feynman 



19971). They read (similarly for 1^2) 



c^^) - 1 + ^ 



(l-ln^)C^ 
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FIG. 1 Relevant one-loop diagrams for the matching of the 4-fermion operators at order 0{l/m^) 
for the case of unequal masses. The incoming and outgoing particles are on-shell and exactly at 
rest. 
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p = vnr)- The complete 0{a1) correction to cp is also known (jCzarnecki and Grozin . 



mE). 



For the quark-a.ntiqua rk sector, they have been obtained at one loop up to (9(l/m^) in 



( Pineda and Soto . 



1998d ). For the non-annihilation diagrams, which are displayed in Fig. ^ 



it is convenient to use the following basis 



mim2 



mim2 



-7/>}T>iX^T»X2 + 



(21) 



mim2 mim2 
which is equival ent to the one in Eg. (IHl) . The relation between them can be found (in four 
dimensions) in ( Pineda and Sotd . Il998d ). In this basis, for the case of the quark and the 
antiquark having arbitrary flavor, the matching coefficients at one loop read in Feynman 
gauge 
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(b) 




(c) 



(d) 






(g) 



FIG. 2 Relevant diagrams to the matching for the ^-fermion operators at order 0{l/m'^) and one 
loop that only appear for the equal mass case. The incoming and outgoing particles are on-shell 
and exactly at rest. 
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(z/ = unr). The z/-independent pieces of depend on the prescription for reducing the 
dimensional Dirac matrices to Pauh matrice s. Note that we have used the prescription for 



1998d ). which differs from 



the dimensionally regulated spin matrices of ([Pineda and Soto 
the more standard 't Hooft-Veltman scheme. 

The contribution of the diagrams in Fig.Qto the case of equal flavor is obtained bv taking 
the lim it mi — m2 = m. Explicit formulas for this case can be found in (jPineda and Soto . 
1998a l. In this case, however, annihilation processes are allowed and they should be taken 
into account. The relevant annihilation diagrams up to one loop are displayed in Fig. |21 
One obtains: 
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(28) 
.(29) 



Recall that we have to add to the annihilation contributions above the contributions 
fl25|) in the mi — m2 = m limit. Note that imaginary contributions appear, which are 
relevant for the calculation of inclusive decay widths. The calculation of corrections of 



higher order in to the irnaginary parts of t 



long historv (IBarbieri et al. 



1^ 



1^ 



le 4-fermion r natch i ng coefficients 



nas a 



Reneke e.t al 



Rodwin et al 



Czarnecki and Meln kov . 



1999; 



Petrelli et al 



can be found in ( Vair 



2 



1998; 



Hagiwara et al 



1981; 



Mackenzie and Lepage , 



1981 



Maltoni 



1998^. An updated list of them and a summary of the state of the art 



2004b!). No further matching calculations beyond the order reported 



here have been carried out for the real part of 4-quark operators. 

The zz-dependence of the matching coefficients is eventually traded for a lower scale (|p|, 
E, Aqcd)- This may introduce large logarithms, which ought to be summed up. This is 
discussed in sec. III. El When higher order terms in as are calculated, it may occur that large 
numerical factors lead to poor convergence of the perturbative series. This is often related 
to so-called renormalon singularities, which are discussed in ch. 



E. Renormalization group 

Once the EFT has been built, one may try to perform its RG improvement. This has 
proven to be a non-trivial task for NRQCD, which is related to the fact that different kinds 
of degrees of freedom are encoded in the same fields. In other words, the soft and US physics 
have not been disentangled at the NRQCD Lagrangian level. This means that obtaining the 
RG improvement at the NRQCD level becomes a not very well-defined problem. We will 
see later on that the introduction of pNRQCD, which does factorize soft and US physics, 
indicates how this problem must be posed. Indeed, it is possible to obtain some results at 
this level (in fact it is even convenient), which will be used afterwards in order to obtain the 
RG equations in potential NRQCD (in the weak-coupling regime). The NRQCD matching 
coefficients are functions of un^i = {upjUg}. It is convenient to restrict ourselves to derive 
RG equations with respect to the scale z/^, since the RG equations with respect to the scale 
Up are obtained in a much simpler way using pNRQCD. 
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The matching coefficients of the terms bihnear in the heavy quark fields and of the 
pure gluonic terms are just functions of Vg, i-e. c = c(z/s,m) = c{us)- This is due to 
the fact that UV behavior of the Green functions in this sector is only sensitive to the 
energy and not to the three-momentum of the heavy quarks, as it can also be seen by 
explicit computations. Therefore, the anomalous dimensions can be computed using the 
static propagator for the heavy quark, and coincide with those obtained for HQET. The 
complete LL r unning of these matching c oefficients in the basis of operators (jSHTj) has been 
calculated by (|Bauer and Manohaii . Il998h in the ( background) Feyn r nan gauge (some partial 



previous results already existed in the literature (IBlok et al 



Falk et al. 



Eichten and Hill 



mi 



19911 )). For the case of th e only non-trivial matching coefficient at O 



cpi also a NLL evaluation is available ( Amoros et al 



1997 



Czarnecki and Grozin 



1/m 



19971) . 



which we explicitly display to illustrate the typical structure of the RG improved matching 
coefficients: 
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7i _ 7oA 
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(30) 



where z = («s('^s)/tts(t'/i))^^^", ^'/i ~ '"^j is the hard matching scale, ci = 2{Ca + Cf) and the 
one- and two-loop anomalous dimensions read 



7o = 2Ca , ^1 " Y ~ Y ^-^ • 



(31) 



Complications appear when the 4-heavy-quark operators, {/}, are considered. As we 
have mentioned, they depend on both cutoffs: Vp and Vg. Nevertheless, at one loop, all the 
dependence of the matching coefficients is only due to z/^, i.e. /(z/p, z/^, m) = f^Up, Ug) — fi^s)- 
The dependence on Up appears at two loops or higher and will be discussed in ch. IIVI In any 
case, if one restricts oneself to the purely soft running (i.e z/^-dependence only), it still makes 
sense to consider the (soft) RG running of the NRQCD matching coefficients including the 
4-heavy fermion operators. In this approximation, one can always perform the computation 
with static propagators for the heavy quarks and order by order in 1/m. 

Formally, we can write the NRQCD Lagrangian as an expansion in 1/m: 



oo ^ 

-^NRQCD = / ^ — -KPn 



(32) 



n=0 
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where the RG equations of the matching coefficients read 

Vs^\ = B^{\). (33) 

The RG equations have a triangular structure (the standard structure one can see, for 
instance, in HQET RG equations): 



d 

' dvs 
d 



dp.. 



Ai = -Bi(Ao)Ai , 

A2 = -82(2,1) (Ao)A2 + -82(1,2) (Ao)Ai 



(34) 



where the different 5's can be expanded into a power series in Aq (Aq corresponds to the 
marginal operators (renormalizable interactions)). For NRQCD we have Aq = «s and Ai = 

{Cfc, Cp}, A2 = {Cf , CD, Cs, {C"}, {C^'}, {/}}. 

As we have already mentioned, the LL running for the {c} in Feynman gauge can be read 
off from the results of fiBauer arid Manohaii Il998h . The LL running of the {/} in Feynman 



gauge can be found in (jPineda 



2002 



At this stage, we would like to stress that we are working in a non-minimal basis of 
operators for the NRQCD Lagrangian. Consequently, the values of (some of) the matching 
coefficients are ambiguous (only some combinations with physical meaning are unambigu- 
ous) and could depend upon the gauge in which the calculation has been performed. At 
the practical level, this means that they will depend on the specific basis of operators we 
have taken for the NRQCD Lagrangian and on the procedure used (in particular on the 
gauge). Therefore, if working in a non- minimal basis, one should be careful to do the 
matching using the same gauge for all the operators (or at least for those that are poten- 



tial 



y ambiguous) . This affects the running of cd, fsi^So) and c^'. Indeed, it has been shown 



in (Bauer and Manohar. 



19981 ) that Cd can be absorbed into /8(^5'o) and c^' by using the 



equations of motion (D ■ = g{ilj^T""ip + x^T°-X + Yl^Li 

Let us illustrate the point by considering the running of cd and /8(^5'o) in the equal mass 
case and without light quarks. In Feynamn gauge we obtain: 
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while in Coulomb gauge we have: 
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(37) 



Clearly, the running of cd and /8(^>S'o) is gauge dependent, but the running of the combina- 
tion asCD + {I / n) fsC So) is not, reflecting the fact that cd can be absorbed into /8("^5'o) by 
means of a suitable field redefinition. 



F. Applications: spectrum and inclusive decay widths 

NRQCD has been applied over the last twelve years to a large number of observables 
related to heavy quarkonium physics. Here we will only briefly discuss two kinds of observ- 
ables: spectra and inclusive decay widths. Concerning the spectra, we will just mention the 
state of the art for what concerns the lattice determination of the bottomonium levels. We 
will keep a continuum EFT point of view, s i nce a discussion of lattice NRQCD is beyond 



the scope of the present work (see (jKronfeldl 120041 iLepagd . 120051 ) for some recent reviews). 



We will, however, give a more detailed discussion of the inclusive decay width. We have 
chosen these observables because they are amenable to rather clean theoretical derivations. 
They will also be addressed in the following sections dedicated to pNRQCD. 

Before proceeding, we have to establish a power counting for NRQCD. As was mentioned 



in sec. III.Bl since the scales {E, |p|, Aqcd) remain dynamical, it is not possible to give a 
homogeneous counting for each operator. In other words, in contrast to pNRQCD, we will 
not be able to disentangle the contributions coming from the different scales. In order to 
be on the safe side, we have to assume the most conservative counting where each operator 
counts like (mv)'^, d being its dimension, with the exception of iDq that counts like mv"^ 
(f ~ |p|/?Ti ~ E'/IpI).^ To count matrix elements of color singlet operators between quarko- 
nium states is rather simple. Since the quarkonium states are normalized, it is sufficient to 
count the dimension of the gluon field operators and covariant derivatives. For color octet 



^ In principle, at least another scale is relevant for quarkonium: y^mAqcD- Since this scale is larger than 
E, IpI and Aqcd, it may, in principle, change our counting. We will discuss this in ch. IVIII 
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FIG. 3 Radial and orbital splittings in the T system from lattice QCD in the quenched approxima- 
tion (open circles) and including dynamical u,d and s quarks (filled circles). The lattice spacing 
has been fixed on the radial splitting between T(2S) and Y(15). The b q uark mass has been tuned 



to get the T mass correct. Figure taken from \Levaae and Davie 



20 OA) . 



operators^, one has to take into account that they give a non-vanishing contribution be- 
tween quarkonium states if at least two extra 1/m operators are inserted. Hence, using the 
above rules, one has to add two to the dimension of the gluon field operators and covariant 
derivatives. This counting, which we will call the "conservative c ounting" , differs from the 
"original counting" of NRQCD introduced in (jLepage et a/.L 119921 ) . We refer to sec. Ill.Bl for 
further details. 



1. Spectra 



The idea to put NRQCD on the lattice has been a very early one (jLepage et all Il992n . 
The advantages with respect to full QCD are obvious. The lattice spacing a and the dimen- 
sion L of the lattice have to fulfill the requirement: 1/ a ^ Q ^ q ^ where Q is the 
largest and q the smallest scale of the system under study. In full QCD we have Q m while 



This applies to the pure octet content of the octet operators (Os, 7^8, 
starting from 0(l/m'*), may also contain singlet parts. 



defined in Eq. H39|l . which, 



28 



in NRQCD Q ^ \p\ m. NRQCD, therefore, does not require such a fine lattice as full 
QCD, which means that much more economical simulations are sufficient. The drawback is 
that the continuum scaling window will not be reached and much more care has to be taken 
in order to extrapolate from the discrete simulations to the continuum physics. 

Some recent results o btained in the lattice version of NRQCD can be found in 
( Lepage and Daviea . l2004 ). For what concerns the heavy quarkonium spectra, as a con- 
sequence of the rather precise data, all levels below the open fiavor threshold have been 
obtained from multiexponential fits to suitable correlation functions. In Fig. El we show 
some recent quenched and unque r iched results for the radial and orbital splittings in the 
bottomonium system ffGrav et all 12003^ . 

Let us comment on the theoretical limits on the precision of the lattice results. We will 
neglect all (indeed rather serious) complications and uncertainties connected with the numer- 
ical simulations and the continuum extrapolations. The version of the NRQCD Lagrangian 
used in all lattice simulations contains, apart from the Yang-Mills term, only bilinear terms 
in the heavy quark fields. The matching coefficients are taken at tree level. This is due 
to the fact that their calculation in a lattice regularization scheme turns out to be quite 
cumbersome so th at, up to now, only some preliminary numerical estimates are available 
for a few of them ()Trottier and Lepagel Il99g l. As a consequence, regardless of how many 
operators have been added to the bilinear sector of the Lagrangian, the theoretical limit 
on the precision of the rad ial splittings is of re lative order agf^ — 0.2 x 0.1 ~ 2% in the 
original power counting of (jLepage et all 119921 ) {agV ~ 0.2 x 0.3 ~ 6% in the conservative 
counting introduced above), while for the fine and hyperfine splittings it is of relative order 
as — 0.2 ~ 20%. We have assumed for the bottomonium case ~ 0.1 and as{mh) ~ 0.2.^ 
In any case, the precision in the radial splittings is rather good, while it is worse by an order 
of magnitude in the fine and hyperfine splittings. In the charmonium case, v"^ ~ 0.3 and 
as{mc) — 0.35, which means that the theoretical limit on the precision of the radial splittings 
is not smaller than 10% in the original counting (20% in the conservative counting). In order 
to improve the present precision, it is, therefore, crucial to calculate the one loop corrections 



It seems too optimistic to replace ctg with as/ir as suggested in l|LeDage et 



199^ . since several 



corrections appear with large coe fficients (compare with the ex plicit expressions given in the previous 
section and with the discussion in I Brambilla and VairoL 1999b|) l. Moreover large logarithms could also 
deteriorate the convergence. 
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to the Wilson coefficients in the NRQCD Lagrangian in a con sistent lattice regularization 



and r enormalization scheme. In this sense, the recent work by (jBecher and Melnikov . 



2002, 



2003^ seems to be rather promising. Note that at order a^v'^ (cts'^^ in the conservative count- 



ing), corrections to the Yang-Mills sector of the NRQCD Lagrangian and 4-fermion 

operators also have to be taken into account. 



2. Inclusive decay widths 



Let us consider heavy quarkonia made out of a quark and an antiquark of the same 
flavor (mi = m2 = m). Annihilation processes happen in QCD at the scale of the mass 
m. Therefore, integrating out these scales in the matching from QCD to NRQCD produces 
imaginary terms in the matching coefficients of the 4-four fermion operators of the NRQCD 
Lagrangian as we have seen in sec. Ill.Dl T herefore, the a.nnihi lation width of a heavy 
quarkonium H into light particles is given by (jBodwin eJ a/.L 119951 ): 



r(H ^ light particles) = 2Im {H\C^^\R), 



(38) 



where |H) is a normalized eigenstate of the NRQCD Hamiltonian with the quantum numbers 
of the considered quarkonium in its centre-of-mass frame ^. In Eq. (jS)), we have given C^^ 
up to order here we will need it up to order 1/m*^: 

C,, = ^0,CSo) + ^0,CS,) + l^OsCSo) + ^Os{'S,) 



+ [0i ^ Os, Vi ^ Vs, fi fs, 91 ^ 9s\, 



(39) 



where the explicit expressio ns for the operators i n the flrst line can be found in (jlOj) and for 
the remaining operators in (jBodwin et all Il995l ). 

The NRQCD factorization formula for the inclusive heavy quarkonium annihilation width 



^ This expression only holds at LO in the imaginary terms. The exact expression, which has not been 
necessary for applications so far, reads r(H light particles) = —2 Im ^(H|i7 |H) / (H|H)^ , where H is the 
NRQCD Hamiltonian and |H) (7^ |H) in general) is the corresponding eigenstate of W . 
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into light particles reads {dn denotes the dimension of the generic 4-fermion operator O*^")): 

r(H ^LH) = J2 — r^(H|OW|H), (40) 

n 

9Tm f(") , ^ 

r(H ^em) = Y: ^^^(h|o£|h), (4i) 

n 

where we have distinguished between electromagnetic decay widths and decay widths into 
light hadrons (LH). Let us comment on the electromagnetic decay widths. The information 
needed in order to describe decays into hard electromagnetic particles is encoded in the elec- 
tromagnetic contributions to the matching coefficients that we denote by /em, 5'em, ••• We 
do not use a special symbol to denote the purely hadronic component of the matching coef- 
ficients, which is the dominant one. The purely electromagnetic component of the inclusive 
decay width may be singled out by projecting the 4-fermion operators onto the QCD vac- 
uum state |vac) according to x ~^ "^^ ■ ■ ■ X l^ac) (vac| ■ ■ ■ V^- The projected 
operators are denoted by Oem, Vem, ■ ■ ■■ For instance Oem(^'S'o) = V'^x |vac) (vac| xV- The 
inclusive annihilation width into light hadrons may be obtained from the full annihilation 
width by switching off the electromagnetic interaction. The factorization formula s I^AO^i and 
(PT|) have been rigorously proven, also diagrammatically, in Isodwin et al . 1995 ). 

Working out Eqs. pn|) and (jSj), the explicit expressions for the decay widths of S- and 
P-wave quarkonium up to 0{lmf x mv^) are 

2 

+lmM'S,){VQ{nS)\OseSi)\VQ(nS)} + lmfsCSo){VQ(nS)\0>,CSo)\VQ{nS)) 

J 

T{PQ{nS)^LH) = ^(lmf,CSo){PQinS)\0,CSo)\PQinS)) 

+Im/8(i5o)(PQ(n5)|08(i5o)|PQ(n5)) + Im/8(35i)(PQ(n5)|08(35i)|PQ(n5)) 



r{VQ{nS) ^ LH) = —{lmf,CS,){VQ{nS)\0,CS^)\VQ{nS)) 



TixQinJS) ^ LH) = Im/i(^^+^P 



2 /t^ , as+i^ AXQinJS)m''+'Pj)\xQinJS)) 



9 1 J i V ^ J ) 9 



+Im fsC'-^'Ss) {xQinJS)\OsCSo)\xQinJS))^ , (44) 
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e e 



riVQinS) 

+lmgeeCSi) 



^„ ; lmUCSi){VQ{nS)\OM'Si)\VQ{nS)) 



(45) 



r(PQ(n^) ^ 77) 



Im/„('S„)(Po(nS)|OEM('S„)|Pg(nS)) 



{XQ{nJl)\OEMePj)\XQ{nJl)) 



(46) 

for J = 0, 2 , (47) 



where the symbols V and P stand for the vector and pseudoscalar S'-wave heavy quarkonium 
and the symbol x fo^^ the generic P-wave quarkonium (the states x(^lO) and x(^<^l) are 
usually called h{{n — 1)P) and Xj((^ 1)-^); respectively). 

Let us comment on Eqs. P^ - ()47j) . The first obvious observation is that in the hadronic 
decay widths, besides singlet also octet matrix elements occur. In the case of the hadronic 
P-wave decay widths they are of the same order as the singlet matrix elements. This 
means that a description of heavy quarkonium in terms of a color-singlet bound state of a 
heavy quark and antiquark necessarily fails at some point: for P-wave decay this point is the 
leading order! There is another way to understand the role of the octet matrix elements. The 
singlet matching coefficients are pla gued by IR divergence s. The coefficients Im/(^Po) and 



Im/(^P2) are IR divergent at NLO (IBarbieri et al 



canceled by the octet contributions (jBodwin et al 



1976 ). These divergences are precisely 



19921 ). Therefore, the inclusion of the 



octet matrix elements is crucial to make Eq. ()44|) physical, i.e. independent of the cut-off. 
Fo r what concerns 5'-Ay ave decays, let us note that in the original NRQCD power counting 



of (jLepage et al 



19921 ) the octet matrix elements are 0{v^) suppressed compared with the 



leading order. This is not so within the conservative power counting adopted here, where 
they are 0{v'^). This may be of phenomenological relevance for TiV —>■ LH), since Im /i(^S'i) 
is 0(as)-suppressed with respect to Im/8(S'). 

Despite the fact that the NRQCD factorization formulas for inclusive decay widths are 
theoretically solid and have provided a solution to the long-standing problem of the cancella- 
tion of the IR divergences, their practical relevance in calculating inclusive or electromagnetic 
decay widths of quarkonia has been rather limited. This is mainly due to the following rea- 



sons: 



(1) NRQCD matrix elements may be fitted on the experimental decay data (|Maltoni . 
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20001 1 or calculated on the lattice (jBodwin et all Il996l 120021 1 . The matrix elements of 
singlet operators caii be li nked at leading order to the Schrodinger wavefunctions at the 



origin (IBodwin et al 



fjEichten and Quigg . 



19951) and, therefore, may be evaluated by means of potential models 



19951). In general, however, NRQCD matrix elements, in particular of 



higher dimensionality, are poorly known or completely unknown. 

(2) The formulas depend on a large number of matrix elements. In the bottomonium sys- 
tem, 14 5*- and P-wave states lie below the open flavor threshold {T{nS) and rih[nS) with 
n = 1,2,3; hh{nP) and Xbj{nP) with n = 1,2 and J = 0,1,2) and in the charmonium 
system 8 ('?/'(nS') and rjcinS) with n = 1, 2; hdlP) and Xcj(l-P) with J = 0, 1, 2). For these 
states, Eqs. (j42|) - (j47|) describe the decay widths into light hadrons and into photons or e^e~ 
in terms of 46 NRQCD matrix elements (40 for the S-wave decays and 6 for the P-wave 
decays). More matrix elements are needed if higher -order operators have to be incl uded. 



3) 



20021) that 



Indeed, it has been discussed in ()Ma and Wand . l2002f l and (|Bodwin and PetreUi . 
higher-order operators, not included in Eqs. ()42|) - (jTr|) . even if parametrically suppressed, 
may turn out to give sizable contributions to the decay widths. This may be the case, in 
particular, for charmonium, where v"^ ~ 0.3, so that relativistic corrections are large, and 
for P-wave decays where the above formulas provide only the leading-order contributi on in 



2002; 



Vairo . 



20021 ) that 



the velocity expansion. In fact it was pointed out in ()Ma and Wang , 
if no special cancellations among the matrix elements occur, then the order v"^ relativistic 
corrections to the electromagnetic decay s y^n ~» an d Xc2 11 may be as large as the 



leading terms. Finally, it was noted in (jMaltonil 120001 ) that the relevance of higher-order 



matrix elements may be enhanced (or suppressed) by the multiplying matching coefficients. 
(3) The convergence of the perturbative series of the 4-ferm ion matching coefficients is of- 
ten poor (see, for instance, the examples in (jVairol 120021 )). This limits, in general, the 
reliability and stability of the results. Some classes of l arge perturbative c ontributions 



have been resummed fo r 5'-wave annihilation decays in (jBodwin and Chen 



Braaten and Chen . 



199 



2001 



1998( l. improving the convergence of the series. 



III. POTENTIAL NRQCD. THE PHYSICAL PICTURE 

Of the full hierarchy of scales in heavy quarkonium, NRQCD only takes advantage of the 
fact that m is much larger than the remaining ones (|p|, E, Aqcd, •••)• This means that if 
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we are interested in physics at the scale of the binding energy E, NRQCD contains degrees 
of freedom that can never appear as physical states at that scale. These are, in particular, 
light degrees of freedom of energy ~ |p| ^ and heavy quarks with energy fluctuations of 
the same order. Therefore, within the philosophy of EFTs, these degrees of freedom should 
better be integrat ed out. The implementat ion of this idea gives rise to a new effective theory 
called pNRQCD (|Pineda and Sotd . Il998a^ . The appropriate description of the remaining 
degrees of freedom and how this integration can actually be carried out will clearly depend 
on the relative size of Aqcd compared to the scales |p| and E. We consider the different 
possibilities in the next two sections. In pNRQCD, it is the large scale |p| that limits the 
UV cut-off of the energy fluctuations. Even if its typical value in a bound state can be 
associated with mv, its fluctuations may reach up to the scale m, which is the UV cut-off 
for the three- momentum fluctuations of the heavy quarks, |p|. 



A. Weak-coupling regime 

If IpI ^ Aqcd, the integration of degrees of freedom of energy scale |p| can be done 
in perturbation theory. Hence, we do not expect a qualitative change in the degrees of 
freedom, but only a lowering of their energy cut-off. Let us call the resulting EFT pNRQCD'. 
pNRQCD' is thus defined by the same particle content as NRQCD and the cut-offs z/pAr/j = 
where Up is the cut-off of the relative three-momentum of the heavy quarks and 
Uus is the cut-off of energy fluctuations of the heavy quarks and of the four-momenta of 
the gluons and light quarks. They satisfy the following inequalities: |p| ^ t'p ^ m and 
p^/m <^ Uus ^ |p|. The Wilson coefficients of pNRQCD' will then depend on p and 
p', the three-momenta of the heavy quark and antiquark respectively, usually through the 
combination k = p — p'. Hence, non-local terms (potentials) in real space are produced. 
Indeed, these potentials encode the non-analytic behavior in the momentum transfer k of 
the heavy quark, which is of the order of the relative three-momentum of the heavy quarks. 
This is again a peculiar feature of pNRQCD which had not been observed in any EFT before. 
It provides an appealing interpretation of the usual potentials in quantum mechanics within 
an EFT framework. 

In order to take advantage of the fact that the three-momentum of the heavy quarks is 
always larger than the four-momentum of the light degrees of freedom, it is very convenient 
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to use fields in which the relative coordinate (conjugate to the relative momentum) appears 
explicitly. We define the centre-of-mass coordinate of the Q-Q system R = (xi + X2)/2 
and the relative coordinate r = Xi — X2. A Q-Q state can be decomposed into a singlet 
state ^(r, R, t) and an octet state 0(R, r, t), in relation to color gauge transformation with 
respect to the centre-of-mass coordinate. (We notice that in QED only the state analogous 
to the singlet appears). The gauge fields are evaluated in R and t, i.e. = A^(R, t): they 
do not depend on r. This is due to the fact that, since the typical size of r is the inverse of 
the soft scale, gluon fields are multipole expanded with respect to this variable. 

If the binding energy E is larger than or of the same order as Aqcd, we will have accom- 
plished our goal and the EFT we are looking for, namely pNRQCD in the weak-coupling 
regime, coincides with pNRQCD'. If, on the contrary, Aqcd ^ E, we still have to integrate 
out the energy scale Aqcd, and its associated three- momentum scale a/Aqcd^ in order to 
obtain pNRQCD. This cannot be done perturbatively in anymore, but one can definitely 
continue exploiting the hierarchy of scales, as will be discussed in the following section. 



B. Strong-coupling regime 



For illustration purposes, let us first consider the particular case |p| ^ Aqcd ^ E, which 
directly links to the discussion in the previous section. We have to figure out what happens 
to the pNRQCD' degrees of freedom after integrating out those of energy ~ Aqcd- Below 
the scale Aqcd, it is better to think in terms of hadronic degrees of freedom, which are color 
singlet states. Hence the octet field is not acceptable in the final EFT and must be integrated 
out. Since it couples to gluons of energy ~ Aqcd it is also expected that it develops a mass 
gap of the same order. Therefore in pure gluodynamics the only degree of freedom left is 
the singlet field interacting with a potential, which also has non-perturbative contributions 
from the integration of degrees of freedom of order Aqcd- In real QCD, pseudo-Goldstone 
bosons, which have masses smaller than Aqcd, should also be included . These are the 



expec ted degrees of freedom of pNRQCD in the strong-coupling regime (|Brambilla et al. 



200(1) . 



In the general case |p| ^ Aqcd, we cannot integrate out energy degrees of freedom at the 
scale IpI in perturbation theory in Og. Still the relevant energy scales are at a lower scale 
E IpI ~ Aqcd and one can in principle build an EFT at that scale, as we have done above 
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FIG. 4 Mass gap between the singlet and hybrid fields. From , Bali et al 
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in a particular case. This is pNRQCD in the strong-couphng regime. At scales E <^ Aqcd, 
QCD becomes strongly coupled and it is again better to think in terms of hadronic degrees 
of freedom, which are color singlet states. Hence the most likely degrees of freedom in this 
regime are a singlet field and pseudo-Goldstone bosons. This is supported by our knowledge 
of the static limit of QCD as will be argued below. 

In the static limit, there is an energy gap between the ground state and the first excited 
state. In the non-static case there will be a set of states {n^s} whose energies En^^ lie much 
below the energy of the first excited state in the static case. We denote these states as 
US. The aim of pNRQCD is to describe the behaviour of the US states. Therefore, all the 
physical degrees of freedom in NRQCD with energies larger than En^^ can be integrated 
out in order to obtain pNRQCD. The available lattice calculations of the static spectrum 
(see Fig. E} clearly show that from small to moderately large values of r there is an energy 
gap between the ground state and higher excitations. The ground state energy is known 
as the static QCD potential. If the binding energy of the heavy quarkonium state we are 
interested in is much lower than the first excitation of the static limit, we can integrate out 
all higher excitations of this limit and keep only the ground state, which will be represented 
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by a singlet field whose static energy is given by the static QCD potential. 

Note finally, that for heavy quarkonium states whose binding energy is close to or above 
the region where higher excitations occur, the use of pNRQCD is not justified and one should 
stay at the NRQCD level. In the case of real QCD, the heavy-light meson pair threshold 
plays the role of a higher excitation. 

IV. POTENTIAL NRQCD. THE WEAK-COUPLING REGIME 
A. pNRQCD: the degrees of freedom 

The degrees of freedom of pNRQCD in the weak-coupling regime (|p| ^ E > Aqcd) are 
a quark-antiquark pair, gluons and light quarks with the cut-offs i^pMR — {^p, ^us\- is 
the cut-off of the relative three-momentum of the heavy quarks and v^g is the cut-off of the 
energy of the heavy quark-antiquark pair and of the four momentum of the gluons and light 
quarks. They satisfy the following inequalities: |p| <C t'p -C m and p^/m <^ Uus ^ |p|- 

The degrees of freedom of pNRQCD can be represented by the same fields as in NRQCD. 
The main difference with respect to the NRQCD Lagrangian will be that now non-local 
terms in space (namely, potentials) are allowed. This representation is suitable for explicit 
perturbative matching calculations. However, in order to establish a power counting, it is 
more convenient to represent the quark-antiquark pair by a wavefunction field 

*(xi, X2, t)a/3 ~ '0a(xi, t)xi{^2, t) ~ ^(5a/3'0a(xi, t)xl{^-2, t) + ;^T^^T^"^^^(xi, t)xj,(x2, t) . 

(48) 

This can be rigorously achieved in a NR system: (i) time is universal, and hence one can 
constrain oneself to calculating correlators in which the time coordinate of the quark field 
coincides with the time coordinate of the antiquark field, (ii) since particle and antiparticle 
numbers are separately conserved, if we are interested in the one-heavy-quark one-heavy- 
antiquark sector, there is no loss of generality if we project our theory to that subspace of 
the Fock space, which is described by the wave function field ^(xi, X2, t). Furthermore, this 
wave function field can be uniquely decomposed into singlet and octet field components with 
homogeneous (US) gauge transformations with respect to the centre-of-mass coordinate: 

*(xi, X2, t) = P[e''^^2 ^"^"j S(r, R, t) + P[e''^^" ^"^"j 0(r, R, t) P[e''^^2 '^■''^] . (49) 
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P stands for path ordered. Under (US) color gauge transformations ((^(R, t)), we have 

S(r,R,t) ^ S(r,R,t) , 0(r, R, t) ^ ^(R, t)0(r, R, t)^-i(R, t) . (50) 

Using these fields has the advantage that the relative coordinate r is explicit, and hence the 
fact that r is much smaller than the typical length of the light degrees of freedom can be easily 
implemented via a multipole expansion. This implies that the gluon fields will always appear 
evaluated at the centre-of-mass coordinate. Note that this is nothing but translating to real 
space the constraint Vp ^ Vus- In addition, if we restrict ourselves to the singlet field only, 
we are left with a theory which is totally equivalent to a quantum-mechanical Hamiltonian. 
The whole theory however will contain singlet-to-octet transitions mediated by the emission 
of an US gluon, which cannot be encoded in any quantum-mechanical Hamiltonian. 

B. Power counting 

The power counting of the pNRQCD Lagrangian is easier to establish when it is written 
in terms of singlet and octet fields. Since quark and antiquark particle numbers are sepa- 
rately conserved, the Lagrangian will be bilinear in these fields and, hence, we only have to 
estimate the size of the terms multiplying those bilinears. m and as(^); inherited from the 
hard matching coefficients, have well-known values. Derivatives with respect to the relative 
coordinate iVr and 1/r ~ A; (the transfer momentum) must be assigned the soft scale ~ |p|. 
Time derivatives id^, centre-of-mass derivatives ^Vr,, and the fields of the light degrees of 
freedom must be assigned the US scale E ~ p^/m. The as arising in the matching calcu- 
lation from NRQCD, namely those in the potentials, must be assigned the size as(l/r) and 
those associated with the light degrees of freedom (gluons, at lower orders) the size as{E). 
If Aqcd did not exist (like in QED) this would provide a homogeneous counting in which 
each term has a well-defined size. If ~ Aqcd (recall that then as{E) ~ 1) this is also true, 
but calculations at the US scale cannot be done in perturbation theory in as{E) anymore. 
\i E ^ Aqcd, the counting becomes inhomogeneous (i.e. it is not possible to assign a priori 
a unique size to each term) since the light degrees of freedom may have contributions both 
at the scale E and at the scale Aqcd (see sec. IIV.G|) . Nevertheless, the largest size a term 
may have can be estimated identically as before. 
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C. Lagrangian and symmetries 



The degrees of freedom of pNRQCD can be arranged in several ways and so accordingly 
can the pNRQCD Lagrangian. We first write it in terms of quarks and gluons, which 
allows a smooth connection with the NRQCD chapter. One of the most distinct features 
of the pNRQCD Lagrangian is the appearance of the terms V, non-local in r, as matching 
coefficients of 4-fermion operators: 

Lpot = - J rf^Xirf^X2 V'^(t,Xi)x(t,X2) y(r,pi,p2, 81,82) (51) 
x(US gluon fields) x^(t, X2)'?/'(t, xi) , 

where Pj = — iVx^ for j = 1,2, and 81 = cri/2, 82 = cr2/2 act on the fermion and 
antifermion, respectively (the fermion and antifermion spin indices are contracted with the 
indices of V, which are not explicitly displayed). Typically, US gluon fields show up at 
higher order. With this new term the pNRQCD Lagrangian can be written in the following 

way 

-^^pNRQCD = -^NRQCD + -^pot , (52) 

where -Z^nrqcd the form of the NRQCD Lagrangian, but all the gluons must be under- 
stood as US. This way of writing the pNRQCD Lagrangian is advantageous for calculating 
the matching potentials straightforwardly by means of standard Feynman diagram tech- 
niques. On the other hand, for the study of heavy quarkonium, it is convenient, before 
calculating physical quantities, to project the above Lagrangian onto the quark- ant iquark 
sector of the Fock space. This makes the multipole expansion explicit at the Lagrangian 
level, and it may also be useful at the matching level, depending on how it is done. An 
example is the matching via Wilson loops discussed in sec. IIV.FI The projection onto the 
quark-antiquark sector is easily done at the Hamiltonian level by projecting onto the sub- 
space spanned by 

j d3xirf3x2^(xi,X2)^t(xi)x(x2)|US gluons) , (53) 

where |US gluons) is a generic state belonging to the Fock subspace with no quarks and 
antiquarks but an arbitrary number of US gluons. The pNRQCD Lagrangian then has the 
form: 

\2 



^pNRQCD 



/ d=^xi Tr \^\t, xi, X2) (zDo + ^ + ^ + ..) ^(t, xi, X2: 
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+ j d3xici3x2Tr{^t(i^xi,X2)y(r,pi,p2, 81,82) 

X (US gluon fields) *(t,xi,X2)}, (54) 

where the first two fines stand for the NRQCD Lagrangian projected onto the quark- 
antiquark sector and 

iDo^{t, xi, X2) = tdo^it, xi, X2) - gAo{t, xi) ^(t, xi, X2) + ^(t, xi, X2) gAoit, X2). (55) 

The dots in Eq. stand for higher terms in the 1/m expansion. The last two lines contain 
the 4-fermion terms specific of pNRQCD. In general also US gluon fields may appear there, 
but the leading term (in Og, 1/m and in the multipole expansion) is simply given by the 
Coulomb law (one gluon exchange): 



Tr (t- ^t(^^ X2) T-^it, xi, X2)) . (56) 
ix^ — X2 1 V / 

We can enforce the gluons to be US by multipole expanding them in r. In the case of the 
covariant derivatives in ()54|1 this corresponds to: 

iDo^{t, xi, X2) = ido^it, xi, X2) - [gAo{t, R), ^(t, xi, X2)] 

-ir^ {d,gAo{t, R)) ^{t, xi, X2) - K'^{t, xi, X2) {digAo{t, R)) + 0{r^), (57) 

^D,^(,^ ^(t, xi, X2) = (^+(-)2Vr + ^ Vr + gA{t, R) + (-)^ {digA{t, R))^ ^(t, xi, X2) 
+0{r^). (58) 

From now on, all the gluon (and light-quark) fields will be understood as functions of t and 
R. We will not always explicitly display this dependence. According to the power counting 
given in the previous section, the multipole expansion makes explicit the size of each term in 
the Lagrangian. On the other hand, expansions like (jHTj) and spoil the manifest gauge 
invariance of the Lagrangian. This may be restored by introducing singlet and octet fields 
as in Eq. ()49|1 . We choose the following normalization with respect to color: 

S = 51e/VA^ , O = 0''^y^/f^. (59) 

We will not always explicitly display their dependence on R, r and t in the following. 
After multipole expansion, the pNRQCD Lagrangian may be organized as an expansion in 
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1/m and r (and as). The most general pNRQCD Lagrangian density, compatible with the 
symmetries of QCD, that can be constructed with a singlet field, an octet field and US gluon 
fields up to order p^/m? (see sec. I1V.B|) has the form: 

/:pNRQCD = j dh Tr jst {zdo - hs{r, p, Pr, Si, S2)) S + {iDo - p, Pr, Si, S2)) o| 
+\/A(r)Tr {OV ■ S + ■ 0} + ^^^^Tr {0"^r ■ ^E O + O'^Or ■ ^E} 
—G%G^^'^ + Y,^,ilpq,, (60) 



i=l 



hs{v, p, Pr, Si, S2) = {c^s'-'\r), + cf'\r)^^ + K(r, p, Pr, Si, S2), (61) 

/io(r, p, Pr, Si, S^) = {c^o'~'\r), + cg'°)(r)-^ + K(r, p, Pr, Si, S2), (62) 

z mred z mtot 

V^i^'O) V^iO'l) Vi^.O) ^(0,2) (1,1) 

V^, = + ^ + + + + ^ , 63 

mi m2 m| mim2 

..(1,0) ..(0,1) ..(2,0) ..(0,2) ..(1,1) 

K = + ^ + ^ + ^ + ^ + (64) 

nil ^2 ^1 ^2 mim2 

where iDoO = ic^oO — (?[Ao(R, t), O], Pr = — ^Dr, p = — iVr, mred = rnim2/mtot and 
"^tot = ?T2,i + m2. When acting between singlet fields, the color trace reduces Pr to — ^Vr. 
According to the order at which we are working, the potentials have been displayed up to 
terms of order 1/m^. The static and the 1/m potentials are real- valued functions of r only. 
The 1/m^ potentials have an imaginary part proportional to 5*-^''(r) and a real part that 
may be decomposed as (we drop the labels s and o for singlet and octet, which have to be 
understood): 

^(2,0) ^ ^J2,0) ^ ^J2,0)^ ^(0,2) ^ yiO^) ^ yi0,2)^ ^(1,1) ^ ^Jl,l) ^ ^^.D^ (gS) 

Vif ' = I {pI vS'°\r)} + '-^Ll + VfUr), (66) 



^si 



- I {pI V^r\r)} + ^J^Ll + Vr\r), (67) 
V^V' = -I {pi • P2, Vy\r)} - ■ + L2 ■ U) + V^'^\r), (68) 



V^T = v!:f\r)Li.Si, (69) 
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V^T = -V{'f\r)L,-S., (70) 
V^'r^^ = vtJl{r)U ■ S2 - v['Jl{r)U ■ Si + V^'/\r)S^ ■ S, + V^'f {r)S^,{r) , (71) 

where, Si = cri/2, S2 = 0-2/2, Li = r x pi, L2 = r x p2 and Si2(f) = 3r ■ cri r ■ cr2 - cri ■ 0-2. 
The pNRQCD Lagrangian density at order r^/m°, r°/m, (r/m) P r and [r^ Im?) Pp and th e 



corresponding matching coefficients at tree level can be found in (jBrambilla et a/i l2003b| ). 



For the case mi = m2 = m, the potential has the following structure, 
V{r) = rW(r) + + + . . . , (72) 

Y{2) _ T^(2) , y{2) 
^ ~ ^SD ^ ^SI ' 



4? = i{PL V';:cm(^)} + ^^^vS'.cuir) + i {P^ V;?(r)} + ^ 



S = Si + S2 and L = r x p. Other forms of the potential can be brought to the one above 
by using unitary transformations, or the relation 

- P'} + + = -1 (p-^ + Ir . (r . p)p) . (73) 

From Eq. ()60p we see that the relative coordinate r plays the role of a continuous pa- 
rameter, which specifies different fields. Moreover, we note that the Lagrangian is now in 
an explicitly gauge invariant form. This is a consequence of the transformation properties 
(t50|l of the singlet and octet fields and of the fact that the gluon fields depend on t and R 
only. The functions K, c^s' '^o' '^s ^'*' '^o'^\ and Vb are the matching coeffi- 



cients of the effective theory. At leading order it follows from (jKTj) that Va = Vb = 1, from 

Jl,-2) _ (1,-2) _ (1,0) _ (1, 



^ that cf~^^ = c^o~^^ = 4^'°^ = c[J'°^ = 1, and from ^ that V}^'^ = -Cpajr and 



yi°) = 1/(2 iVjas/r. 

Equations ()52|) . (jMj) and ()60|) provide three different ways to write the pNRQCD La- 
grangian. We have also shown how to derive one from the other. This works (and is useful) 
at tree level. In general, each form of the pNRQCD Lagrangian may be constructed inde- 
pendently of the others by identifying the degrees of freedom, using symmetry arguments 
and matching directly to NRQCD. 

The expressions for the currents in pNRQCD are equal to those of NRQCD with the 
replacements: NR — pNR and u i^pNR- In particular, this applies to Eqs. (fT^ and (fT^. 
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As in NRQCD, most of the physical information can be extracted from the imaginary part 
of the potentials, which are proportional to the imaginary part of the NRQCD 4-fermion 
mathing coefficients. Therefore, the imaginary part of the (singlet or octet) potential will 
have the following structure (with only local potentials, delta functions or derivatives of 
delta functions): 

^ ImV^(2) j^y(4) 

lraV = — + — + ■■■, 74 

where the explicit expressions for ImV"*^^^ and ImV^*^^) are: 
C 



+4 Im flTi'S,) - 2 (im /l^l^^o) - Im flTi'S,)) ) , (75) 



Im\/W = C^rjSV;5(3)(r)V^r [^^ ff\''^' Pj) + flZC'^' Pj) 
Ca 



+-2 



(lm^?rr^^5,) + Im^Cr^^^.)), (76) 



XI = 5.,(21-S^), (77) 
= ^S^S\ (78) 

= -^kie ^kjt , (79) 



= 6,j{21 - S'), ^]Yl = 6ij S\ (81) 

and we have omitted the labels singlet / octet in the matching coefficients for simplicity. Note 
that we use a notation for the matching coefficients similar to the one used in NRQCD, but 
this does not imply that the matching coefficients are equal. 



1. Discrete symmetries and Poincare invariance 

The pNRQCD Lagrangian is invariant under charge conjugation plus 1 <-h> 2 exchange 
fj82|l . time reversal (j83|l and parity (|84|l . In particular singlet, octet and gluon fields transform 
under these as: 

S{r,R,t)^a^S{-r,R,tfa\ 0{r,R,t) ^ a^O{-r,R,tfa\ A^{R,t) -A^{R,tf, (82) 
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S{r,R,t) ^(r'^S{r,R,-t)(T\ 0(r, R, t) ^ 0(r, R, -t) (x^, A^(R, t) v4'^(R, -t), (83) 
S(r,R,t)^-S(-r,-R,t), 0(r, R, t) -0(-r, -R, t), A^{R,t) ^ A^'{-R,t). (84) 



Singlet and octet field transformations may be derived from Eq. 

The discrete symmetries constrain the form of the Lagrangian. As an example we 
observe that the charge conjugate of J d^r Tr|0^r-(7E0} is J cPr TrjO^Or-^fEj 
and, therefore, only the sum of the two appears in the Lagrangian. For a similar 
reason the term f d^r Tr |S^(r x p ■ (7B) S} /m cannot appear, while the combination 
J d'^r Tr {0"''(r x p ■ gB) O — 0"''0 (r x p • (7B)} /m is possible. 

As in NRQCD, also the form of the pNRQCD Lagrangian may be constrained by imposing 



the Poincare algebra of the generators H, P, 



rotations, and Lorentz boosts of the EFT (Brambilla et al 



and K of time t r anslati ons, space translations. 



2mm- H is the pNRQCD 



Hamiltonian. The translation and rotation generators P and J may be derived from the 
pNRQCD Lagrangian or by matching to the NRQCD generators. They are exact, because 
translational and rotational invariance have not been broken in going to the EFT. The 
Lorentz-boost generators may be obtained by matching to th e Lorentz-boost generat ors of 



NRQCD. As can be seen from the explicit expressions given in (jBrambilla et al. 



2nn3bh. thev 



depend on some specific matching coefficient independent of those in the Lagrangian. The 
tree-level matching may be performed by multipole expanding the NRQCD Lorentz-boost 
generators and projecting onto singlet and octet two-particles states. Loop corrections can, 
in principle, be calculated as has been done for the matching coefficients of the pNRQCD 
Lagrangian. 

Imposing the Poincare algebra on the above generators constrains the form of 
the pNRQCD Lagrang ian. For the constraints on the Lorentz-boost generators, see 



( Brambilla et al. 



2003b| ). For what concerns the Lagrangian, the constraints 



.(1,0) 



(85) 



fix the centre-of-mass kinetic energy to be equal to P^/4m. The coefficient of the ki- 
netic energy p^/m, c^^'~^\ is not fixed by Poincare invariance. However, one may argue 
that, because no other momentum-dependent operator than the kinetic energy of NRQCD, 
V^/ (2m) i) V^/ (2m) x-, "^^1 contribute to the kinetic energy of pNRQCD, the co- 
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efficients c^^'^"* and c^^' have to be equal. It follows then that also c^^' ^•^ = 1^° (analogously 
for Cq ). In the singlet and octet potential sectors we obtain: 

Vls CM 1 rV^^^' 

^(0); = 142,CM H ^ = 0, V,CM + ^L2,CM + = , (86) 

where V = dV/dr. We will come back to the relations between the singlet potentials in the 
strong-coupling regime in sec. IV1I.E.2I Finally, in the singlet-octet and octet-octet sectors 
of the Lagrangian, the chromoelectric fields are constrained to enter in the combination 



i.e. like in the Lorentz force. Further constraints can be found in ( Brambilla et al 



2mm 



D. Feynman rules 



The Feynman rules of pNRQCD for the static limit were given in fiBrambilla et »,/.[ 1200(1 ) 
in terms of the time variable and background gluon fields. However, for computations in 
pNRQCD using Feynman diagrams, it is sometimes more useful to consider the Feynman 
rules in US momentum space (even if preserving the relative distance r between the heavy 
quarks in position space). The propagator of the singlet is 

i 



This expression contains subleading terms in the velocity expansion. In order to have homo- 
geneous power counting, it is convenient to expand it about the Coulomb Green function, 
Gc, defined in Fig. El which scales as l/(mf^), and similarly for the octet. The complete set 
of Feynman rules at the order displayed in ()fj()|l is shown in Fig. El 

E. Matching: diagrammatic approach 

We discuss here how the matching between NRQCD and pNRQCD (i n the formulation 



of Eq. (1H21)) within a diagrammatic approach is made along the lines of (|Pineda and Soto 



^° One may also obtain cj^' = 1 by a direct non-perturbative matching computation, as it has been done in 
I Brambilla et al. . 2001b|) . The relevant steps of that calculation are reproduced in Eqs. H27UI) - (|272|I . The 



kinetic energy operator may be read from the ratio of the 1 /m Green function (|272(l and the zeroth-order 
one ifTTUjl . 



45 



J ^ 

= 9/" 



FIG. 5 Propagators and vertices of the pNRQCD Lagrangian if)(J\) . Dashed lines represent longi- 
tudinal gluons and curly lines transverse gluons. represents the gluon incoming momentum. 



ll998al )bL I1999[ ). This procedure is specially convenient for obtaining the potentials order by 
order in ctg, since the whole technology of Feynman diagrams can be used. 

A practical way to obtain the matching coefficients of pNRQCD is by enforcing 2- and 
4-fermion Green functions with arbitrary US external gluons to be equal to those of NRQCD 
at any desired order in E/k. It is convenient to expand the energy of the external quark 
and the energy and momenta of the US gluons around zero before carrying out the loop 
integrals so that the integrals become homogeneous in the soft scale and hence are easier to 
evaluate. This may produce IR divergences which are most conveniently (but not necessarily) 
regulated in DR, in the same way as the UV divergences are. Since the IR behavior of 
NRQCD and pNRQCD is the same, these IR divergences will cancel out in the matching, 
provided the same IR regulator is used in both theories. The UV divergences of NRQCD 
must be renormalized in the MS scheme if we want to use the matching coefficients of the 
NRQCD Lagrangian computed themselves in the MS scheme. We still have a choice in the 
renormalization scheme of pNRQCD. However, it is most advantageous to use again the 
MS scheme. Indeed, with this choice we can blindly subtract any divergence regardless of 
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whether it is UV or IR in the matching calculation. For the UV divergences of NRQCD and 
pNRQCD, this just corresponds to our choice of scheme, and for the IR divergences this is 
possible since, as long as we use the same treatment in both theories, their IR behavior is 
the same. This allows to set integrals with no scale equal to zero. 

Notice that we demand off-shell Green functions in NRQCD and pNRQCD to be equal 
and not on-shell Green functions (or on-shell matrix elements) as it is usual in many matching 
calculations, in particular in matching calculations from QCD to NRQCD. This is due to 
the fact that we are eventually interested in bound states, and particles in a bound state 
are typically off-shell. Being more precise, the equations of motion at lowest order are not 
those of the free particles. The equations of motion of pNRQCD (with potential terms 
included), or local field redefinitions, may be consistently used later on to remove time 
derivatives in higher order terms and to write the pNRQCp Lagrangia n in a standard f orm, 



has actually been checked by (jPineda and Soto 



in the philosophy advocated bv (IScherer and Fearind . 119951 ) (see also (|Balzereitl . 119991 )). It 



19991 1 that this procedure produces gauge 



independent results at Olma^) in the computation of the positronium spectrum. 

The remaining important ingredient to carry out the matching efficiently is the use of 
static (HQET) propagators for the fermions. This can be justified as follows. When p° ~ |p| 
we are in the kinematical region we wish to integrate out, and the cut-offs of both NRQCD 
and pNRQCD ensure that the kinetic term p^/2m will always be subleading with respect to 
the energy irrespectively of the value of |p|. This fact is not automatically implemented in 
DR. When DR is used, the correct UV behavior of NRQCD is only obtained when expanding 
about the static propagator. When ~ p^/2m, we are in a kinematical region which still 
exists in pNRQCD, and hence it should not be integrated out. The simplest way to avoid this 
kinematical region is, again, by expanding the kinetic term. After all these simplifications 
the computations in the NRQCD side reduce to diagrams with only one scale inside loops. 
In short, one would have (where E generically denotes the external momentum or the kinetic 



However, there is still some freedom in the choice of the wavefunction field, due to time independent 
unitary transformations which commute with the leading terms in the pNRQCD Lagrangian. Therefore, 
in general, it is not to be expected that the standard forms of the pNRQCD Lagrangian calculated with 
different gauges coincide, but that they are only related by one such unitary transformation. This explains 
the different expressions for the potential that one may find in the literature but which still lead to the 
same physics. 
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term p'^/m) 

J d'^qfiq, k,E) = J d^'q f{q, fc, 0) + O . (89) 

Now we are in a position to prove that no pNRQCD diagram containing a loop contributes 
to the matching calculation. Consider first the 2-fermion Green function with an arbitrary 
number of US legs. For potential terms to contribute we need at least a 4-fermion Green 
function and hence we only have to care about US gluons. If we put a momentum ~ |p| 
in the fermion line, this momentum cannot flow out through any external US gluon line 
(by definition of US). Then it must flow through the fermion line, which is a series of static 
propagators insensitive to the momentum flowing through them. Hence upon expanding 
about external fermion energies and external energies and momenta of the US gluons there 
is no scale left in any of the integrals and therefore any loop contribution vanishes. In fact, 
exactly the same argument can be used for the NRQCD calculation. Then we conclude that 
the terms bilinear in fermions are exactly the same in NRQCD and pNRQCD. However, we 
have to keep in mind that the latter (by definition) must be understood as containing US 
gluons only. 

Consider next the 4-fermion Green function in pNRQCD containing several potential 
terms but no US gluons. Since no energy can flow through the potentials and the static 
propagators are insensitive to the momentum, upon expanding about the US external energy, 
the integrals over internal energies have no scale. However, these integrals have IR (pinch) 
singularities, which are not regulated by standard DR. How to rigorously deal with them 
is discussed in sec. IIV.E.II Since the IR behavior of pNRQCD and NRQCD is the same, 
the same kind of integrals appear in the NRQCD calculation. If we consistently set them to 
zero we obtain the correct potential terms. It is important to keep in mind that the Wilson 
coefficients compensate the different UV behavior of the effective theory (pNRQCD) with 
respect to that of the more 'fundamental' theory (NRQCD). Hence they are not sensitive 
to the details of the IR behavior, which legitimates the prescription above. Then any loop 
diagram in pNRQCD with no US gluons can be set to zero. This still holds if an arbitrary 
number of US gluon lines is included in the diagram. Indeed, any potential line in the 
diagram may now also contain US momenta from the gluon lines. These, however, can 
be expanded about zero since they are (by definition) much smaller than the momentum 
transfer in the potential. Hence the integrals over US gluon energies and momenta contain 
no scale (again upon expanding the US external energy in the fermion static propagators) 
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and can also be set to zero. In short, loops in pNRQCD will have the following structure in 
general: 



In summary, we can directly identify the potential terms from a calculation in NRQCD. We 
would like to stress again the similarity in the procedure with the matching between QCD 
and NRQCD as carried out before. The potential terms in pNRQCD play the role of Wilson 
coefficients in the matching procedure. As a summary for the practitioner, the final set of 
rules are the following: 

• Compute (off-shell) NRQCD Feynman diagrams within an expansion in Os, 1/m and 
E. In case loops appear, they have to be computed using static propagators for the 
heavy quark and antiquark, which makes the integrals depend on k only. 

• Match the resulting expression to the tree level expression in pNRQCD (i.e. the 
potentials that appear in the pNRQCD Lagrangian) to the required order in as, 1/m 



• In case pinch singularities appear, one must isolate them in expressions which are 
identical to those which appear in the pNRQCD computation and set them to zero. 
Or, alternatively, one may just subtract the pNRQCD diagrams with the same pinch 
singularity, as discussed in sec. IIV.E.II below. 

Let us mention here, that when this procedure is used to match local NRQCD 4-fermion 
operators, these do not get any loop correction. Indeed, due to the use of HQET propagators, 
all NRQCD integrals become scaleless and hence vanish. We often say that they are inherited 
in pNRQCD. 

A word of caution is necessary concerning the procedure above. It heavily relies on the 
fact that there are no further scales other than m, k and E. If, for instance, an energy scale 
m' such that E <^ m' ^ k m enters the game, it would be convenient to take -C m' 
rather than Uus <^ k and hence Up <^ \/mvn! rather than Vp -C m. Then, in the matching 
calculation we should also integrate out quarks with energy ~ m' and three-momentum 
~ \^mm', which cannot be done anymore in the static approximation. A careful analysis 
of the integration regions along the lines of the threshold expansion discussed below should 




(90) 



and E. 
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be carried out in this case. Incidentally, this situation is of physical relevance for the T(IS') 
system, where the charm quark mass plays the role of m' . 



sion ( 


Beneke and Smirnov 




1998 


(Beneke et al. 


I999I 


Kniehl et al. 



19981). This p ossibility has been followed by several groups 



2002al jlJl. Typically (although not always), the procedure 



consists in taking one specific diagram of NRQCD and splitting it in the different existing 
regions of momenta. According to this terminology the modes (and correspondingly the 
regions of momenta) that appear in NRQCD are the following: 

(i) soft modes. Quarks and gluons with energy and three-momenta of 0{mv) (the quarks 
are off-shell in this situation). 

(ii) potential modes. Quarks and gluons with energy of 0{mv'^) and three-momenta of 
0{mv) (the gluons are off-shell in this situation). 

(iii) US modes. Quarks and gluons with energy and three-momenta of 0{mv'^) (in practice, 
it does not seem there are quarks in this situation). 

Integrating out soft modes and potential gluons corresponds to matching NRQCD to 
pNRQCD. In some cases, it is customary to perform the matching using (free) on-shell 
quarks. This has the consequence that loops in pNRQCD do not vanish (since the energy is 
not left as a free parameter in which one can expand) and have to be subtracted accordingly. 
In addition, the on-shell condition may set to zero some terms in the (off-shell) potential. 
When these terms enter in a NRQCD subdiagram of a higher-loop matching calculation, 
they may give rise to new contributions to the potential due to quark potential loops. This 
never occurs if the procedure described above is used. In any case, the potentials obtained 
by using different methods can be related to each other by unitary transformations. 



1. Pinch singularities 



Let us now discuss the issue of the so-called pinch singularity. We illustrate this discussion 
with the diagram (in the Coulomb gauge) in Fig. IHl Actually, su ch a diagram appears i n 
the computation of the positronium spectrum at 0{ma^) faced in (jPineda and Sotol 119991 ). 
The one-loop integral of this diagram reads 

d^q 1 1 1 1 



{2tt)D (q - k)2 gO + _qO + q2 



(91) 
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FIG. 6 Matching between NRQCD and pNRQCD without considering pinch singularities. The 
dashed and curly lines represent the longitudinal and transverse gluon exchange respectively. 



FIG. 7 Matching between NRQCD and pNRQC'D taking into account pinch singularities. In pN- 
RQCD the loop regulates the pinch singularity. 

where (■ ■ ■) stands for a go independent term. We see that it has two singularities at qq = ±ie. 
This is usually referred to as the pinch singularity. The rigorous procedure to set the prescrip- 
tion to eliminate the pinch singularity comes from the matching computation. Previously 
we have mentioned that loops in pNRQCD could be set to zero, as far as the matching 
computation was concerned, but that required that the same kind of pinch singularity dia- 
grams were set to zero in NRQCD. The implementation of this idea can be translated into a 
simple prescription: since for any NRQCD diagram with a pinch singularity, there must be a 
pNRQCD diagram with the same pinch singularity, just subtract it (see Fig. [7j). Therefore, 
the actual integral to be computed reads 



(27r)^ (q - k)2 gO + _qO + ie \q2 q 



q«qj 
q2 



(92) 



We can see how the pinch singularity disappears, and the resulting integral provides new 
contributions to the potential only. 

Pinch singularities also appear in computations using the threshold expansion. We have 
seen here that understanding the pinch singularities within the EFT framework provides a 
consistent prescription to eliminate them in each case. 
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2. Potentials 



The general structure of the potentials has been given in sec. IIV.CI We will focus on the 
equal mass case, Eq. (j72j) . By dimensional analysis, V^'^^ scales like V"p2^ like 1/r, Vr"^^ 
like or 5*^'^^(r), and so on. They read 



^(o)(, 



V^f (r 



L2,s 



CfCaD. 



(1) 

s 



2r2 ' 
2 r' 



5(3) (l 



(93) 

(94) 
(95) 

(96) 
(97) 

(98) 
(99) 

where ay^ and the various Ds depend logarithmically on r and the renormalization scale 
UpNR. In order to obtain the spectrum at order ma^, ay^ has to be calculated to order al 
(two loops), Vs^^ to order (one loop) and the remaining potentials to order as (tree level). 
They read 

ois{r) 



^CfD^lL 1 



CfD^I, 1 



avs =asir)<l + (ai + 27e/3o) 



Ait 



+ 



IT 



-iE (4ai/5o + 2/3i) + ( y + 47^ ) + aa 



Qs(^) 

16 vr^ 



«s'(r) 



(2) 



D 



(2) 
2,s 



(2) 
d,s 



D 



(2) 



(2) 
LS,s 



(101) 

«s(r) . (102) 



Oi was computed by (jFischlerl . Il977f l and 02 by (jPeter 



1997 



Schroder 



1999bl ). If 



one wishes to have the spectrum to one order higher, namely ma^, all these poten 



tials must be calculate d to one more power in as. For av„, on 



tributio ns are known (|Brambilla et al 

J: 



1999bl : 



Kniehl and 



imant (jChishtie and Elia; 
also available). Vs^^ wa s calculated by 



20011 ) and ren ormalon bas e d (iPinedal . l200ll ) estimates are 



tions were computed by (|Brambilla et al 



Kniehl et al. 



1999a : 



Peninl. 



y the logarithmic con- 



2002ir ft 



(Fade approx- 



l e loga rithmic correc- 



Kniehl and Fenin 



19991 )) and the com- 
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(2) 

plete Vs have been computed over the years (IBrambilla et al 



1981 



Gupta and RadfordL 



1981 



1982; 



Kn ehl et al 



1999! 



I2nn2a: 



1999a; 



Buchmiiller et al 



Manohar and Stewart 



2nnnb 



Pantaleone et al 



11986 



Pineda and Soto 



Titard and Yndurain 



199J) and can be 



2nn2a[ ). Several comments are in order concerning these calcula- 



found in (jKniehl et al 
tions. 

1. The potentials in the matching calculation appear naturally in momentum space, 
and so they are given in many of the references above. The real space potentials, which 
are better suited for bound-state calculations, are obtained by Fourier transforming the 
momentum space potentials. At lower orde rs, it is enough to tak e the F ourier transform in 
3-dimensions in the sense of distributions (jTitard and Yndurainl . 119941 ). At higher orders, 
it must be taken in d dimensions, as discussed below. 

2. In different papers, the results displayed for each of the potentials may vary, even 
if the same basis (f72j) is used. This does not mean a priori that there are inconsistencies. 
The basis (f?^ is overcomplete and hence apparently different results may be related to each 
other by unitary transformations. In particular V"i^^ can be totally reshuffled into 1/m^ 
potentials. 

3. In earlier papers, the potentials were calculated directly from QCD without expanding 
in the kinetic energy. In that case there are contributions from the pNRQCD side to the 
matching calculation due to the fact that the kinetic term in the pNRQCD Hamiltonian 
cannot be expanded anymore. In this framework, the integrals involved in the calculation 
have more than one scale and hence are harder to evaluate. 

4. In higher-order calculations, quantum-mechanical perturbation theory requires reg- 
ularization and renormalization. The UV divergences are renormalized by local potentials 
inherited from NRQCD and the scale dependence is compensated by the one in the NRQCD 
matching coefficients. In order to use the NRQCD matching coefficients obtained in sec. III. Dl 
the potentials must be kept in d dimensions. This is not important as far as the soft/US 
factorization is concerned (it amounts to a change of subtraction scheme), but it becomes 
so when the calculation is sensitive to divergences due to the hard/potential factorization. 
This occurs at order ma^ for the spectrum and in 0(as) corrections for the current. Note 
that any loop correction to a given (e.g. Coulomb) potential slightly changes its functional 
form (it gets multiplied by (ru)^^~^^ for each loop). The expressions for the potentials in 3 
dimensions calculated at higher orders display small logarithms, which eventually cancel out 
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in the full calcu^ 



as discussed in ( Kniehl et al. 



ation, in addition to the large loga rithms, which eventually become In as, 



2002a|) (note that in (|Brambilla et all |l999a|) only the large 



logarithms were displayed). 



5. The octet potential is also known at two loop accuracy (jKniehl et al. 



20051), 



Cf I , aVoir) = avsir) 



l-^]CWs+0{at). (103) 



6. At order ma^ for the spectrum and at 0{a^) for the current US loops start to 
contribute. This implies that VA(r) is also needed. At tree level we have 



VA(r) = VJr) 



1. 



7. For the case mi ^ m2, th e 1/m^ potentials have 



c escribed in sec. IIV.EI 


forQ 


(Gupta and Radfordl 


I982I) 



(104) 



only been calculated in the scheme 



19991). E arlier calculations both for QCD 



19891 ) exist, which have been carried 



out by matching directly the fundamental theory to a quantum-mechanical Hamiltonian. 

8. RG improved expressions for the potential can also be obtained. They are discussed 
in sec. ITVJTl 

Finally, we would like to briefly discuss the matching of currents and the imaginary 
pNRQCD potential. Integrating out the soft scale when matching local currents produces 
scaleless integrals, which are zero in DR. This means that the matching coefficient remains 
the same at the matching scale. If we take the electromagnetic vector current as an example, 
the matching condition reads &i,pnr('^p) ^^^s = ^s) = K,j<iRi^p^^s)- In the case of &i nr) only 
a dependence on Up appears (at least at low orders). An equivalent discussion applies 
to the imaginary terms of the Lagrangian for which the general matching condition Im 
/P'^^(z/p, Uus = i^s) =Im/(t'p, i^s) holds. Nevertheless, one should keep in mind that the 
expressions for the matching coefficients will change once their running is considered (see 
sec UVJl)) . 



F. Matching: Wilson loop approach 

We will discuss here an other way to perform the matching to pNRQCD. We will some- 
times denote it as Wilson-loop matching. With respect to the previously discussed proce- 
dure, it is characterized by the following points. 
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(a) It is done in coordinate space. 

(b) It is done with the pNRQCD Lagrangian in the form of Eq. (j6(J|) . This means that the 
degrees of freedom that appear most naturally in the pNRQCD part of the matching 
are singlet and octet fields. 

(c) As a consequence of (b), only one time appears in the computation. 

(d) For what concerns the gluon fields, they appear in the NRQCD part of the matching 
procedure in terms of Wilson-loop amplitudes. Therefore, the formulation will be 
explicitly gauge invariant at each step. 

(e) Gauge-invariant expressions can be obtained for the potentials that encode all the 
corrections in as(l/r), for a given order in 1/m and the multipole expansion. 

The results obtained within this matching procedure will be equivalent (up to field redefini- 
tions) to those obtained in the previous section. 

From point (d) and (e) above, it is clear that the Wilson-loop matching is well suited 
to be generalized to non-perturbative cases. Therefore, it provides us with a bridge be- 
tween the weak-coupling matching procedure of this section and the strong-coupling one of 
ch. IVIII There, the language will be exactly the one introduced here in the safe framework 
of perturbative QCD. 

In the following, we will define our interpolating fields, set the basis of the matching, and 
illustrate the procedure by discussing the static matching up to and in cluding order in 



the multipole expansion. We will closely follow (jBrambilla et all l2000| ). to which we refer 
for more details of the original derivation. 



1. Interpolating fields 

Our aim is to match, in coordinate space, amplitudes defined in terms of the fields of 
NRQCD with amplitudes defined in terms of the fields that appear in the pNRQCD La- 
grangian (j6Up ■ i.e. A^, S and fields. Therefore, we need to identify some interpolating 
fields in NRQCD that have the same quantum numbers and the same transformation prop- 
erties as S and O'^. The correspondence is not one-to-one. Given an interpolating field in 
NRQCD there are an infinite number of combinations of singlet and octet operators with 
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us fields that have the same quantum numbers and, therefore, a non- vanishing overlap with 
the NRQCD operator. Fortunately, the operators in pNRQCD can be organized according 
to the counting of the multipole expansion. For instance, for the singlet we have 

X^(X2, t)0(x2, xi; t)^(xi, t) ^/zf\!^)S{v, R, t) + ^/zZ^)rr ■ gWiB., t)0\v, R, t) + . . . , 

(105) 

and for the octet 

X^(x2,t)0(x2,R;t)T>(R,Xi;t)^/;(xi,t) ^ s/zf\r)0\v,K,t) 

+ sJzZIr)rr ■ (7E"(R, t)5(r, R, t) + . . . (106) 

where 

0(y, ^■t) = P exp |z j^dsiy-^)- gA{^ _ s(x - y), t) | . (107) 

The arrows are a reminder that the two operators act on different Hilbert spaces and that 
the equalities hold only inside Green functions. The factors Z are normalization factors. 
From Eqs. ()105p and ()106p . it follows that the operators on the left-hand side overlap at 
leading order in the multipole expansion with the singlet and octet fields respectively. 

The matching for the octet in Eq. p06|) does not make use of a gauge-invariant operator. 
In a perturbative matching this is not problematic, since Vo is gauge invariant order by 
order in Og. However, if one aims at taking advantage of non-perturbative techniques, it 
is preferable to work with a manifestly gauge-invariant quantity. The simplest solution 
consists in substituting the T° color matrix on the left-hand side of Eq. ()106p by a local 
gluonic operator H°'(R,t)T°' with the right transformation properties, an example being 
(7B"(R, t) T". All iJ'^(R, t) T"- with the right transformation properties will give in the weak- 
coupling regime the same potential, corresponding to the perturbative octet potential. In 
the strong-coupling regime, where octet quark- ant iquark fields do not exist as independent 
degrees of freedom, they identify different degrees of freedom and, hence, different potentials, 
corresponding to the different symmetry properties of if". We will come back to this in full 
detail in ch. IVIl 
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FIG. 8 A graphical representation of the static Wilson loop. We adopt the convention that the 
time direction is from the left to the right. Therefore, the quark trajectories are represented by 
horizontal lines and the equal-time endpoint Wilson lines by shorter vertical lines. 

2. Matching at ©(r^, l/m°) 

In order to get vj^ ^ and , we choos e the following Green function in NRQCD 



( Brown and Weisbergei . 



1979; 



Susskind 



19771 ): 



Cnrqcd = (vac|x^(a;2)0(x2,Xi)V'(xi)V'"^(yi)0(?/i,?/2)x(y2)|vac) 



(108) 



where the dots stand for higher-ord er corrections in the 1/m expansion. The quantity 
Wa is the rectangular Wilson loop (|Wilsonl . 119741 ) with corners xi = (Tvy/2,r/2), X2 = 
{Tw/2, -r/2), y, = (-T^/2,r/2) and y2 = {-Tw/2, -r/2): 



Wn = P exp 



rxTw 



(109) 



A graphical representation that we will often use is given in Fig. |H| We also define 

{■■■) = (vac|Tr {■ ■ •} |vac) = J VAVqVq e~^^'°' Tr {■■■}, (110) 

where S^'^^ is the pure Yang-Mills plus light-quark action of QCD and the path-integral is 
over all light fields. 

Equation (|105p states that the leading overlap of the Green function (jl08p is with the 
singlet propagator in pNRQCD. Indeed, in pNRQCD we get in the static limit and at the 
zeroth order in the multipole expansion: 



G 



pNRQCD 



xi - yi)5^(x2 - y2)e 



111) 



In order to single out the soft scale, we consider the large Tw limit of the Wilson loop 
(equivalent to setting E 0): 



■J-W J-W V-^VK 



for T\ 



w 



oo 



;ii2) 
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then from the matching condition Gnrqcd = CpNRQCD we obtain: 

VPir) ^ -C,^ = Uo{r), (113) 
r 

lnZf)(r) = ui{r). (114) 

The matching does not rely on any perturbative expansion in as- However, since we are con- 
cerned with the weak-couphng situation, the quantities on the right-hand side of Eqs. ()113|) 
and ()114j) can be evaluated expanding order by order in as- At LO in ctg we have 

Vj'\r) = -Cf^ or ay, = a,, (115) 
Zf)(r) = iVe. (116) 

In order to get vj^^ and one proceeds in a similar way. We choose the NRQCD 
Green function: 



G^NRQCD = (vac|x^ (0:2)0 I X2, ^ ; — j T (j) I ,xi; — j ■^Jyxl, 

x#(i/i)0 ( yi, — ^ — ; — Y )^ ^ V — 2 — — 2~ j ^^^2)|vac) 
= 53(xi - yi)53(x2 - y2)(T"iynT^) + . . . , (117) 

where in the last line the color matrices are understood as inserted in the static Wilson loop 
at the points (R, Tvi//2) and (R, — Tiy/2). The dots stand for higher-order corrections in 
the 1/m expansion. 

Equation ()106p states that the leading overlap of the Green function (jll7|) is with the 
octet propagator in pNRQCD. Indeed, in pNRQCD we obtain in the static limit and at 
zeroth order in the multipole expansion: 

G;Wqcd = Z^^\r)6\^, - y05^(x2 - y2)e-^^-^°°'W(C'^(TH./2, (118) 

where the Wilson line 

(t){Tw/2, -Tw/2) = (PiTw/2, R, -Tw/2, R) = P exp { -ig / dt Ao(R, t) 



is evaluated in the adjoint representation. As in the singlet case, we define 

-^m -v.ir) + ^'-$l + o('^ for ^ 00 . (119) 
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From the matching condition Gnrqcd = ^pNrqcd '^^ obtain: 

V}'\r) ^ [^-C,^^=Vo{r), (120) 
lnZ^°)(r) = vi{r). (121) 

Again, the formulas above do not rely on any expansion in ctg. However, in the weak-coupling 
situation, the quantities on the right-hand side of Eqs. ()120|1 and ()121|1 can be expanded 
order-by-order in Og. At LO in Og, we obtain 

V^'\r) = (^^-C,^^ or ay^ = a,, (122) 
Zi'\r) = Tp. (123) 

Note that, despite the octet-matching procedure being gauge dependent, the octet static 
potential obtained in this way is not at any finite order in perturbation theory (it corre- 
sponds to the pole of the octet static propagator). All the gauge dependence goes into 
the normalization factor z'f'\ In this respect, it is worthwhile to observe that the string 
{(j)^\Tv/ /2, —Tw /2)) does not give contributions to the potential at any finite order in 
perturbation theory, but it does to 



3. Matching at 0{r^,l/m^) and 0{r'^, l/m°) 

At 0{r), there are no additional contributions to the singlet and octet matching potentials 
and to the normalization factors. At this order in the multipole expansion one finds Va and 
Vb- In the weak-coupling regime at LO in as, they are 

VA{r) = 1, Vsir) = 1. (124) 

At C(r^), one finds the next-to-leading contributions to the singlet and octet static potentials 
and to the singlet static normalization factor. 

The NLO correction in the multipole expansion to the singlet static propagator ()111|) is 
given by (see Fig. ^ 

GpNRQCD = (05'(xi - yi)5'(x2 - y2)e-^-^»'°'('-) (125) 
X (l - ^Vlir) r'\t f rft'e-(*-*')(^°""-^^"')(r ■ ,E"(t)0:^J(t, t')r • g^\t')) 

\^ J_Tw/2 J-Tw/2 
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NRQCD 



pNRQCD 



FIG. 9 The matching ofvj^^ and zi^^ at NLO in the multipole expansion. On the left-hand side 
is the Wilson loop in NRQCD, on the right-hand side are the pNRQCD propagators. The 1st and 
2nd term on the right-hand side symbolically represent the 1st and 2nd term in Eq. I1125\) . 



where fields with only temporal arguments are evaluated in the centre-of-mass coordinate. 
From the matching condition Gnrqcd = CpNRQCD, we obtain zi"'* and v}'^^ at NLO in the 
multipole expansion: 



dt 



dt e 



Tw/2 



x{r.gE%t)^^\t,t')r.gE\t')), (126) 



lnZi°)(r 



DO ft 

dt / 

oo J — oo 



y<{r-gE^{t^:^\t,t')r.gE\t')). (127) 



Equations (jl26p and (jl27j) do not rely on any perturbative expansion in Og. However, 
since we are considering the weak-coupling case, they can be evaluated order-by-order in 
as and one can obtain the leading logarithmic contribution to the static potential. This 
comes from the three-lo op IR log arithmic diverg e nce o f the Wilson loop first noticed in 



fjAppelquist et al. 



1978^ (see also (jKummer et a/.l . 119961 )). The calculation may be done in 



various ways, depending on how divergences are regularized. Obviously the scheme adopted 



for calculating the Wilson loop must be the same as adopted for ca. 



in pNRQCD. This study has been performed by (jBrambilla et al 



culating the lo op diagram 



2m giving 



InZf (r,z/„,) 



Mo('^))two-ioops -— ln(rz/^ 



12 r TT 



(Ul(r))two-loops + 



^ ' ln(rz/„ 



(128) 
(129) 



2 TT 

The two-loop expression for u^ir^ is given by — Ci?av;(r)two-ioops/''' and the two-loop ex- 
pression for ay^ can be found in Eq. (llOlj) . The contributions proportional to ln(ri/„s) in 
Eq. ()128p and ()129p would be zero in QED. The fact that ay^ depends on the IR behaviour 
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of the theory is, therefore, a distinct feature of QCD, more specifically, of the non-Abelian 
nature of QCD, which allows gluons to interact with themselves at arbitrarily small energy 
scales. We stress that, in order to match the normalization factor (jl29|) . it is necessary 
to take into account contributions coming from the end-point Wilson lines, which can be 
considered irrelevant only at order {l/Tyy)^, i.e. for the potential (note that this does not 
require any special assumption about the large-time behaviour of the gluon fields). 




NRQCD pNRQCD 

FIG. 10 The matching of Vo^^ and Zq^^ at NLO in the multipole expansion. On the left-hand 
side is the Wilson loop in NRQCD with color matrix insertions, on the right-hand side are the 
pNRQCD propagators. 

The NLO correction to Eq. ()118j) in the multipole expansion comes from the graph shown 
in Fig. ^1 We omit a term proportional to of the type shown in Fig. ^2 and terms which 
contain operators like Trjr^r-' [D*, E-'JOO^}, because in perturbation theory they neither 
contribute to the octet matching potential nor to the normalization. The reason is that, 
differently from the non-perturbative regime where we may have dependencies on the scale 
Aqcd, in perturbation theory loops on octet lines are scaleless and vanish in DR. With 
an analogous calculation as in the singlet case we obtain at leading logarithmic three-loop 
accuracy: 

V}'\r,u^.)=(^^-C,^^ = {vo{r)\^o.,^^^^ (130) 

The two-loop expression for t'o(r) is given by {Ca — C p /'^)oiVoij) two-Xoops/f and for the 
two- loop expression of ay^, see the comments after Eq. ()103|1 . Similarly also may be 
calculated, but only in a specific gauge. 



FIG. 11 Octet self-energy graph proportional to Vj. 
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4- Matching at order r^, (1/m, 1/m? and beyond) 

Following this method, one could consider 1/m corrections. If one works at LO in the 
multipole expansion, the singlet and octet fields decouple. If we further focus on the singlet 
sector, the computations would be similar to those that appear in sec. IVII.E.4I for the 
strong-coupling regime. This is so because we are actually performing the matching order 
by order in 1/m and to any order in as- Therefore, the expressions obtained in the strong- 
coupling regime also hold here up to corrections due to US effects. This reasoning also 
applies to what in ch. IVIII is called the "quantum- mechanical matching" (see sec. IVII.E|) . 
where explicit expressions in terms of Wilson-loop amplitudes for the real and imaginary 
parts of the pNRQCD potentials are derived. Those expressions are also valid here, in 
the perturbative regime, if they are understood to be at 0{r^) in the multipole expansion. 
Note that the Wilson loops multiplying delta functions of r or derivatives of them are zero 
in the perturbative regime, since they become dimensionless objects and vanish in DR. In 
particular, this applies to the gluonic correlators which appear in the imaginary part of the 
potential. Finally, we note that non-analytic terms due to the scale -^/m Aqcd do not appear 
here since for Aqcd < E, this three-momentum scale has not been integrated out. 



G. Observables: spectrum and inclusive decay widths 

We have finally built the pNRQCD Lagrangian, and are in the position to calculate 
observables with it. We will mainly consider observables (being the theoretically cleanest 
ones) that in pNRQCD only involve the calculation of the NR propagator (Green function) 
of the system projected onto the colorless sector of a quark-antiquark pair (let us call Pg the 
corresponding projector) and the gluonic vacuum, 

n(E,r,r') =i J dt(fRe''^'{vac\T{S{r',O,0)S\r,R,t)}\vac) = {r'\G,{E)\r) , (131) 

GsiE) = P,(vac|— ^|vac)P, = G,iE) + 5Gs , (132) 
II — ii/ 

where H is the pNRQCD Hamiltonian, Gc the Coulomb Green function, defined in Fig. 
and E the energy measured from the threshold 2m. 

Besides the heavy quarkonium spectrum (i.e. the poles of the Green function), we will 
consider inclusive (electromagnetic) decay widths, NR sum rules and t-i production near 
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threshold. For these only the normalization at the origin will be important^^, i.e. the object 
(r = 0\Gs{E)\r = 0) has to be computed. 

In pNRQCD, there are only potential and US loops. Within pNRQCD, talking about 
potential loops is nothing but talking about quantum-mechanical perturbation theory: 

6Gr'- = ■ + ••• ~ Gc6VsGc + 

SVs 

where the black square represents a generic SVg correction to the singlet Coulomb Hamilto- 
nian. 

US loops can be computed using standard Feynman diagram techniques, where it is 
sometimes convenient to work in momentum space for the US momenta and in position 
space for the soft scale (this is certainly so if one wants to do standard (finite) quantum- 
mechanical perturbation theory, although it is clearly possible to do it in momentum space). 
We illustrate the procedure with the first US contribution to Gs'. 



~ G^iE) r (/iW - E)3 1 1 + ^ + In + c| r ^(E) , (133) 

where d = 3 + 2e. We can see that the result is UV divergent. This is not a problem in 
an EFT, where such divergences can (and should) be absorbed in the matching coefficients 
of the EFT, i.e. in the potentials. Moreover, there are other sources of logarithmic UV 
divergences, proportional to Inz/p, coming from potential loops. They show up by either 
going to high enough orders in quantum-mechanical perturbation theory (for instance if we 
are interested in computing the spectrum at 0(1710^)), 

G,{E)5VsG,{E) ■ ■ ■ 5VsG,{E) , (134) 
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Other observable s that do not belong to this categ ory are semi-inclusive radiative decay widths, which have 
been studied by I Garcia i Tormo and Sotd 2004j) and are considered in sec. lVIIl"m or heavy qu arkonium 



production, for which an analysis in the weak-coupling regime is available IjBeneke et al 



200' 



a. 
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or by inserting sufficiently singular operators in the computation (as it is the case for the 
renormalization of the matching coefficient of the electromagnetic current). These diver- 
gences can be absorbed in the matching coefficients of the local potentials (those propor- 
tional to 6^^^ (r) or its derivatives) or in the matching coefficients associated with the currents. 
Let us explain how this works in detail. Since the singular behavior of the potential loops 
appears for |p| ^ (Xs/f, a perturbative expansion in as is allowed in Gc{E), which can be 
approximated by the free propagator: 



E - p^/m 



Therefore, a practical simplification follows from the fact that the Coulomb potential, 
—CpOs/r, can be considered a perturbation as far as the computation of the InUp UV diver- 
gences is concerned. Moreover, each G^c^ produces a potential loop and one extra power of 
m in the numerator, which kills the powers of 1/m in the different potentials. This allows 
the mixing of potentials with different powers of 1/m. One typical example is the diagram 
in Fig. ^1 which corresponds to 

G(o)(i5;)!Ir^5(3)(r)GW(E)Cp^G(°)(E^ (135) 

The relevant computation reads 

(r = 0|G'(°)(E)C^^G'(°)(^)|r = 0) (136) 
r 

:Gf T. T, ~ — Gp- 



{2'kY J {27iYp'^-mE q2 p2-mE 167r e' 

(2) 

where q = p — p'- This divergence can be absorbed in D^^ contributing to its running as 
follows 

^^^^S('^p) ~ «y.(^p)^S'(^p) + ■ ■ • • (137) 
It is particularly appealing how the EFT framework gives a solution to the problem of the 
UV divergences one finds in standard quantum-mechanical perturbation theory calculations. 
When potential divergences are found it can be more convenient to work in a momentum 



representation (see for instance (jCzarnecki et all\l999\i]) . Nevertheless, it is also possible to 



handle the UV divergences in position space (|Yelkhovskvl . 120011 ). Either way, the computa- 



tion should be performed in the same scheme used to compute the potentials (see sec. IIV.EI 
for details). 
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(2) 

FIG. 12 One possible contribution to the running of ^ at NLL. The first picture represents 
the calculation in terms of the free quark- antiquark propagator G^'^ and the potentials (the small 
rectangles). The picture on the right is the representation within a more standard diagrammatic 
interpretation in terms of quarks and antiquarks. The delta potentials are displayed as local inter- 
actions and the Coulomb potential as an extended object in space (but not in time). 

1. Heavy quarkonium mass 



After this discussion and taking into account the power counting rules given in lIV.BI one 
can obtain the different observables up to some order in f ~ Og. For instance, the level of 
precision of the perturbative computation for the heavy quarkonium mass 



2m + A 



M m 
nlj "s 5 



:i38) 



m=2 



is as follows (some results were actually computed prior to the existence of pNRQCD). 
The 0{ma'^) result is nothing but the positronium-lik e result with the proper color 



factor. The 0{ma^) con tribution was computed b y ( Billoire . 



term was computed by ( Melnikov and Yelkhovskv 



Pineda and Yndurainl. 



Hoang et al. 



2001a; 



in^ 



1998 . 



200ol). t 



1980). The 0{mat 



19981 : iPenin and Pivovarov . 



le one at (9(maglnas) by (jBrambilla 



Kniehl and Penin 



et al 



2000d), the NNNLO large-/?o result by (|Hoang . 



1999; 



1999a : 



2000; 



Kivo and Sumind . 120001 ). and the computations that complete the N NNLO result 



"or the 



ground state fbut without the static potential three- loop coefficient) by (IKniehl et al. 



Penin and Steinhauser 



l2002al : 



20021 )^^. Logarithms have also been resummed for the heavy quarko- 



nium mass (we refer to sec. lIV.HI for details). 

In principle, for the bottomonium ground state, finite charm mass effects have to be taken 



13 



The application of pNRQED (the QED version of pNRQCD) a nd, in general, of facto rization with PR, has 

1999a- . Kniehl and PeninL 



also led to a plethora of results for the spectra of positronium l | C z 



2000 



Melnikov and Yelkhovskv 



tne sp ' 
1999b[ 



2001 



Pineda and Soto . 



arnecki et al. 



199' 



I. 
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into account, since the soft scale is of the order o 


(Eiras and Soto 


2000; 


Hoane . 


2000; 


Melles 




2000; 



the charm mass. Th ey can be found in 



Wang and Yao 



20041 ) 



So far, non-perturbative effects have not been discussed. Therefore, it was imphcitly 
assumed that Aqcd ^ mf^, which makes them relevant at 0{ma^), where US modes 
appear for the first time. This assumption may be reasonable for t-i systems, but for 
bottomonium and charmonium it is more questionable. In the situation Aqcd — TrLv"^, one 
cannot compute using perturbation theory at the US scale. In this situation (which may be 
relevant for bottomonium), the energy of the heavy quarkonium reads as follows 



nlj 



oo 
m=2 



(139) 



where the scale dependence of the different pieces cancels in the overall sum (for the 
perturbative sum, this dependence first appears in A^^^j) and {En = A^^^ja^) 



<5MUS(zy,,)^5MUS(z.„,) 



3N, 



dt{n, l\re 



|n,/)(^E"(t)0(t,O):;:^^E''(O))( 



c Jo 



(140) 

for which one can think of several possibilities depending on the relative size between mv'^ 
and Aqcd- In the limit mv^ ^ Aqcd, the result obtained by (jPenin and Steinhaused . 120021 1 
is the combination 

A^lMa! + 5MUS(z.„,)|^(^,) p^^, . (141) 

The expression for the non-perturbative object looks similar to Eq. ()140|) but with an UV 
cutoff. A, such that mv'^ ^ A ^ Aqcd- Therefore we have 



SM:^SM = SM^-'^^^u^s; A) + 5MU^S(A) 



(142) 



The study of the non-perturbative effects in t 



has a long history starting from (jLeutwvlei 



l is lim it , often ca l 



mi 



Voloshin . 



ed Vo loshin-Leutwyler limit, 



12221)- SM^fJA) reads (this 



expression follows by Fourier transforming to energy space Eq. (jl40j) and setting u^s = A) 



5MU^S(A) 



{vac\E^{0){n,l\r 



En 



adj 



r|n,/)£;J(0)|vac). 



(143) 



ab 



A notation closer to the one used by (jVoloshin 



19791 ) can be obtained by going to a Hamil- 
tonian formulation (for instance, fixing the gauge Aq = 0). This corresponds to replace 
iDq'^^ H^^\ where H^'^^ is defined in Eq. ()196|) and the physical states are constrained to 
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satisfy the Gauss law (projected to the octet sector) 



D-n'^lphys) 



£R Tr {0^[gT\ O]} + g7°T'^g ) |phys) 



(144) 



where 11'* is the canonical mor nentum coniugated t o A". As far as we do no t study the fine 



and hyperfine sp 



1992; 



Leutwvlei 



1981 



Pineda 



ittings fsee (ICampostrini et al. 



1997a : 



1986 



Curci et 



Titard and Yndurain 



al. 



1983; 



Kramer et al. 



19951) for such studies in the 



Voloshin-Leutwyler limit), the corrections do not depend on j (total angular momentum) 
and s (spin) so we will not display these indices in the states. The octet propagator mixes 
low 0{iD^^ ~ ^qcd) and high energies ~ mv ). Therefore, an operator 

product expansion can be performed whose expansion parameter is of order 

(145) 



E„ — he 



^^QCD 

m(3l 



and one obtains 



where 



(r) 
nl ' 



r=0 



C r 



(n, l\r 



1 



En — ho 



r=0 
2r+l 



r\n, I) 



Or 
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(vac|Tr([Do(0),[...[^o(0),E(0)]...][Z}o(0),[...[/^o(0),E(0)]...])|vac) 



(146) 

(147) 
(148) 



and the trace is in the ad 



Pineda 



1997b ; 



Voloshin 



oint representation. SE^^ has been obtained by (jLeutwvler , 
1982) and SE^i' by (Pineda, 1997b). For further details, we refer 



1981 



to these works. 

What we have discussed applies for tt production near threshold. In the case of bottomo- 
nium or charmonium, it is more likely that the kinematical situations mv'^ ~ Aqcd (where 
the whole functional form of the chromoelectric correlator is needed) or Aqcd ^ ^v'^ ap- 
ply. This last situation is discussed in ch. IVIII A phenomenological analysis is presented in 
sec. IVTTT.AI 



2. Inclusive decay widths 



It is rather easy, after the matching has been performed, to calculate in pNRQCD the 
inclusive decay width of a heavy quarkonium H into light particles. This is the imaginary 
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part of the singlet propagator pole in the complex plane and may be calculated as (at LO 
in Im H) 

r(H — i> light particles) = —2 (n, /, s,j|Imif|n, /, s,j). (149) 

The imaginary part of the pNRQCD Hamiltonian has been written in Eqs. (|75p and (|76|) . 
It depends on delta (or derivatives of delta) potentials and does not mix singlet and octet 
fields. The states \n,l,s,j) are the eigenstates of the pNRQCD Hamiltonian. For electro- 
magnetic inclusive decays, Im/^^^(^S'i) is needed (or equivalently the matching coefficient 
of the electromagnetic current, &ipNr) decay into e^e~ and Im/^j^^(^S'o), for the 

decav into 77 . The first matching coefficient is known at present with two - loop accuracy 



iReneke et al 



Czarnecki and Melnikov 



Kallen anc 



OOP result by 



1955ri in a c 



Harris and Rrown 



osed an- 



19571 ). a 



20021 ). Apart from 



alytic form. For the second, besides the one- 
semi-analytic two- loop result was obtained by ([Czarnecki and Melnikov . 
the electromagnetic matching coefficients, the relevant calculation is that of the residue of 
the NR propagator at the origin: 



Res (r = 0|a(i?)|r = 0) = |</)f p(l + 



■^polc 



where 



2 1 / mCpa, 

TT V 



2n 



Pn 



(150) 



(151) 



and -Epoie is the energy for which Gs{E) has a pole. Explicit expressions for the purely 



perturbative computotion at NNLO can be found in (jMelnikov and Yelkhovskv . 



Renin and Pivovarov 



1999a : 



1999). Note that at this order the LO expressions for Im g^^i^Si] 



and Im fi'EM^(^'^o) are also needed. Therefore, with NNLO precision, the electromagnetic 
decays can be written in the following way 

Er, 



^{VQ{nS) 
T{PQ{nS) 77) 



4Ca 

— yp^ 

4Ca 



)^ + Im^Ce^i)- 



-pn 



Im/ET('5o)(l + 5ct>nY + Im^7gjr(^5o) — 



pNR/l , 



E„ 



m 



(152) 
(153) 



where V and P stand for the vector and pseudoscalar heavy quarkonium. Some higher 
order corrections are als o known. The 0{a^ In as) term has been computed by (jHoane , 



2004 : 



Kniehl et al. 



20031 ). the 0(af In^aJ term by (jKniehl and Peninl . boOOd )^^. For RG 



14 



A major progress has also been obtained in QED for po sitronium decays using these techniques, see 
l|Kmehl and Peninl EoOOal iMelnikov and Yelkhovskvl l200o|) . 
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improved expressions, see sec. IIV.HI 

For the non-perturbative corrections, a discussion similar to the mass case apphes con- 
cerning the relative size between Aqcd and mv"^. Near the pole En, we have the expansion 
(we only consider non-perturbative corrections in what follows) 

Pn + h7 



(r = 0|a(^)|r = 0) 

Pn 



En + ~ E 



+ 0{{En + 6EZ-Ef 



+ 



Sp7 



En-E {En - EY En-E 



+ 0{{En~Ef) + 0{5''^El 



nO) 



On the other hand, one obtains 



(154) 



(r = 0\GsiE)\v = 0) ~ (r = 0|a(^)|r = 0) + (r = 0|(5Gf (E)|r = 0) 



(155) 



where 



(r = 0|5G^P(^)|r = 0) = ^(vac|E;(0)(r = 0' 



hf^ - E 



1 



adj 



E 



ab 



X 



pJE] 



np 
nO 



5p 



np 



A'°' - E 



r = 0)£j(0)|vac) = + ^ + 0((B„ - E) 



(156) 



Proceeding in the same way as before, we can factorize mv"^ from Aqcd effects: 

oo 

{r = 0\6G'^iE)\r = 0) = J2C^Or, 



(157) 



r=0 



where 



c9 



(r = 01 



h?^-E W^^-E 



2r+l 



- E 



|r = 0) 



A 



(r) 



+ 0{{En - Ef 



(158) 



{En - EY {En - E) 

and Or is defined in Eq. ()148|) . Now, from these expressions, we can read off the observables 
we are interested in, namely 



oo oo oo 

5p7 = E = E ^-i^^ ' ^^nl = — E ^-1^^ • (159) 

r=0 r=0 ^" r=0 

This also provides a new method to obtain the energy corrections for / = states, which can 
be used to check the results o f the previous s ubsection. 5pi°^ and 5E^q were calculated by 



( Voloshin 



19821 ) and dpn'' by (|Pinedal . Il997b[ ). We refer to these works for further details. 



NR sum rules and t-t production near threshold will be discussed in sees. IVIII.EI and 
IVIII.FI respectively. For those, the relevant objects to be computed are again (r = 
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0\Gs{E)\r = 0), but for arbitrary energy E ~ mv'^, and the electromagnetic matching 
coefficients considered before. Finally, it is also possible to obtain RG-improved expressions, 
which we consider in the next section. 

H. Renormalization group 

Schematically, we can write the pNRQCD Lagrangian as an expansion in r and 1/m in 
the following way 

°° ~ 1 °° ~ / 1 \ 

^pNRQCD = Yl + - E ^"Kf'^^n ^ + ^ " ' (l^O) 

n=-l n=-2 ^ ^ 

where V^^ iy^^ = K) are dimensionless constants (in four dimensions). Since they reab- 
sorbe the divergences of the EFT in the way explained in sec. IIV.GI they will depend on Up 
and Uus- One can obtain RG improved expressions for Vn^^ in the following way. 

One first performs the matching from QCD to NRQCD. The latter depends on some 
matching coefficients: c(z/s) and /(z/p, Ug), which can be obtained order by order in as (with 

= ^s) following the procedure described in sec. III.DI In sec. III.E| we discussed the 
procedure to get the running of c and the soft (z/^) running of / at any finite order (basically 
using HQET techniques). Nevertheless, the running of /(z/p, z/^) is more complicated beyond 
one loop since a dependence on Up appears. As we will see, it can be obtained within 
pNRQCD. 

The second step is the matching from NRQCD to pNRQCD. The latter depends 
on some matching coefficients (potentials), which typically have the following structure: 
V^ci^Us), /(z/p, z/g). Us, Uus, f)- These potentials can be obtained order by order in following 
the procedure described in sees. IIV.EI and IIV.FI The integrals in the matching calculation 
depend on a factorization scale z/, which corresponds either to z/^ or to Vus- In an explicit 
calculation, they may be distinguished looking at the UV and IR behavior of the diagrams: 
UV divergences are proportional to Inz/^, which are such to cancel the Vg scale dependence 
inherited from the NRQCD matching coefficients, and IR divergences are proportional to 
Vus- In practice, however, as far as we only want to perform a matching calculation at some 
given scale v = = Vus (or when working order by order in without attempting any 
resummation of logarithms), it is not necessary to distinguish between Ug and z/^^. 
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The third step is to obtain the RG equations of the potentials. Ug provides us with the 
starting point of the RG evolution with respect to (up to a constant of order one). 
The runnirig with respect to can then be obtained following the procedure described 



by ((Pineda, 



2002b; 



Pineda and Soto . 



2OOOI ). Formally, the RG equations of the matching 



coefficients due to the i/„s-dependence read 



dv. 



V = By{V). 



(161) 



From a practical point of view, one can organize the RG equations within an expansion in 
1/m and asi^Uus)- At 0{l/rnP), the analysis c orresponds to the study of the static limit 
of pNRQCD, which has been carried out by (|Pineda and Sotd . l2000f ). Since V-i 7^ 0, 
there are relevant operators (super-renormalizable terms) in the Lagrangian and the US RG 
equations lose the triangular structure that we enjoyed for the RG equations of z/^. Still, if 
V^i <^ 1, the RG equations can be obtained as a double expansion in V^i and Vq, where 
the latter corresponds to the marginal operators (renormalizable interactions). At short 
distances (1/r Aqcd), the static limit of pNRQCD is in this situation. Specifically, we 
have y_i = {avs,(yvo}y that fulfills V^i ~ as{r) ^ 1; Vq = c^si^us) and Vi = {Va,Vb} ~ 1. 
Therefore, we can calculate the anomalous dimensions order by order in asii^us)- In addition, 
we also have an expansion in V^i. Moreover, the specific form of the pNRQCD Lagrangian 
severely constrains the RG equations' general structure. Therefore, for instance, the leading 
non-trivial RG equation for ay^ reads 



d 



2a, 

3 TT 



-CF\av^ + CFav,\ + OiV\Vo,V,'V^, 



(162) 



At higher orders in 1/m the analysis has been carried out by ((PinedaL I2002H ). The same 
considerations as for the static limit apply here as far as the non-triangularity of the RG 
equations is concerned. In general, one has the structure 



d 



' dv,, 



E y£^y^---y^'^ with y: 



i=l 



E 

i=l 



Hi 



n . 



(163) 



and one has to pick up the leading contributions from all possible terms. Actually, as far as 
the NNLL heavy quarkonium mass is concerned, the relevant US running can be obtained 
by computing the diagram displayed in Eq. ()133|) (one also has to consider the running of 
Vai which happens to be zero). Working in DR, one should note that the potentials have to 
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be understood in D dimensions (see for instance Eq. (3.1) of (jSchroderl . Il999atl ) . Therefore, 
powers of g\ (the bare couphng) have dimensions and have to be compensated by powers of 
fc^'^ in ay^- This means that the US divergences (1/e poles) generated by the right-hand-side 
of Eq. are absorbed by the terms in ay^ proportional to (7^ or to a higher power. 

Finally, by solving Eq. between z/^ and z/^^, we will have V^(c(z/s), /(z/p, Ug), z/g, u^s, r), 

where the running with respect to Uus is known. Note that the running with respect Ug is 
also known, since we demand the potential to be independent of it: 

d 



(164) 



which can be solved by setting z/^ = 1/r. Therefore, one can also deduce the dependence of 
V on r. 

The final step is to obtain the RG equation for Vp. In pNRQCD, integrals over the relative 
three-momentum of the heavy quarks occur. When these integrals are finite no dependence 
on z/p occurs and one has |p| ~ 1/r ~ mas and p^/m ^ ma^. Therefo re, one can lower 



Vus down to ~ mal reproducing the results obtained by (|Pinedal . |2002b|). In general, the 
integrals over p are divergent, and the structure of the logarithms is dictated by the UV 
behavior of p and 1/r. This means that we cannot replace 1/r and Vus by their physical 
expectation values but rather by their cutoffs within the integral over p, i.e. z/p. Therefore, 
besides the explicit dependence on z/p of the potential, which appears in /, the potential 
also implicitly depends on z/p through the requirement 1/r ~ |p| ^ z/p, and also through 
Vusi since Vus has to fulfill p^/rri <^ z/„s ^ |p| in order to ensure that only soft degrees of 
freedom have been integrated out for a given |p|. This latter requirement holds if we fix 
the final point of the evolution of the ultrasoft RG equation to be Vus = Vp/m. At this 
stage, a single cutoff, z/p, exists and the correlation of cutoffs becomes manifest. Therefore, 
for the RG equation for z/p, the anomalous dimensions of V{c{l/r), f^Up, 1/r), 1/r, z/p/m, r) 
is at LO the same as the one of V^(c(z/p), /(z/p, z/p), z/p, z/p/m, z/p). It appears through the 



15 



Roughly speaking, this result can be thought of as expanding Inr around In z/p in the potential i.e. 



d ~ 



^(^(1/?-), /(;/p, i/r), 1/r, J/p/m, r) ~ V{c{:^p), f{vp, Up), z/p, Vp/m, Vp) + \n{vpr)r—V 



(165) 



The ln(i/pr) terms give subleading contributions to the anomalous dimension when introduced in divergent 
integrals over p. An explicit example of this type of corrections appears in the compu tation of the hyperfine 



splitting of the heavy quarkonium at NLL IjKniehl et al. 



s a ppea: 
l20oi IPenin et 



2004, 



a. 
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divergences induced by the iteration of the potentials in the way explained in (|Pinedal . l2002a[) 
and sec. IIV.GI In particular, the computation of the anomalous dimension can be organized 
within an expansion in as and using the free propagators G^'c^. Finally the running will go 
from Up m down to Up ~ mas- A similar discussion applies to the running of the matching 
coefficients of the currents (or, in other words, of the imaginary terms of the potential). This 
completes the procedure to obtain the RG equations for the hard, soft and US scales. An 
example is given below. 

This line of investigation has led to several new results on heavy quarkonium physics. 
They can be summarized as follows (we omit all numerical coefficients that may be found 
in the quoted literature): 



The NNLL correction to the heavy quarkonium energy ()Pinedal . l2nn2br ). i.e. corrections 
of order 



6E ~ mttg + mctg In as + mas 1^ cts + 



(166) 



'he LL (P 



( Kniehl et al 



2004; 



nedal. l2002bt) ffirst obt ained in (IHoang et all l2001ah and NLL 



Penin et al. 



2004al) correction to the heavy quarkonium hyperfine 



splitting 



5Ehf ~ mal + malln as + mallv? as + 



(167) 



+ mttg + mas '^s + mas '^s + mas + 



The NLL fiPinedal . l2002a^ correction to the inclusive electromagnetic decays (this result 
can be applied to i-t production at threshold or NR sum rules since the running of the 
electromagnetic current matching coefficient is the only non-trivial object that appears 
in the NLL running) 



e e 



T{VQ{nS) 
V{PQ{nS) 77) 



ma^il + a^ In as + a^ In^ as + 



mctg (1 + as In as + In + ■ 



and for the ratio the NNLL correction (jPenin et al. 



2mm 



nPQinS) ^ 77) 



1 + ftg In Os + «s '^s + 



(168) 



+ ftg In as 



as In^ as + 



. (169) 
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The resummation of logarit h ms u sing EFTs was firs t addr e ssed within tl ie vN 



RQCD framework (ILuke 



Hoang and Stewart 



200.4 



et al 



20001) fsee a l so (IHqane . 



Manohar and Stewart. 



2000 



I 



2004; 



Hoang et al. 



2001a : 



200l|)), where the relevance of the 



cutoff correlation for the RG was first realized. Nevertheless, the early formulations of this 
theory had some problems (in particular concerning the treatr nent of US rnqdes), w hich led 
to incorrect results for the heavy quarkonium mass at NNLL (IHoang et a/■Ll2001a^ and the 



electromagnetic current matching coefficien t at N LL (jManohar and StewartI 



obtained in pNRQCD (jPineda 



have been resolved by (iHoang and StewartI |200^ and their results now agree with those 



20011 ). They 



2002al JbD. The a pphcation of the RG to QED bound states 



1 r 



has also been consider ed in both formalisms, see (jManohar and Stewarti . i2000atlPenin et al. 



2004b : 



Pineda. 12002 



1. An example 



Finally, we illustrate the method in the simplest possible situation where all the scales 
appear. We consider the corrections to the heavy quarkonium spectrum for the non-equal 
mass case in the limit where one of the masses {m2) goes to infinity, and in the Abelian 
limit with zero light fiavors {Cp 1, Ca — *>0, Tp— s>l,nj— >0). This is nothing but 
the hydrogen atom case. We will compute some NNNLL c orrections to the Lamb shift o f 
0{mal\n^ a^). They were first compu ted using the R G by (jManohar and StewartI l2000a^ . 



We will follow here the discussion in (jPinedal . l2002al jd) . In this limit , does not run and 
we can neglect the four-fermion matching coefficients, since they are suppressed by powers 
of l/m2. Therefore, we only have to consider the running of the matching coefficients of the 
heavy-quark bilinear terms. At 0{l/m?), co is the only matching coefficient with non-trivial 
running. By solving Eq. (jHK|l in this limit, one obtains 

(170) 



In — 

m 



3 vr 



(2) 

At the pNRQCD level, we have to consider first the US RG running of -D^^, which follows 



from Eq. 



. It reads (we already use that Va = 1 and c 



(1,-2) 
S 



d,s 



By using the initial matching condition: 



as 



4a| 
3 vr 



Coil's) 



(171) 



(172) 
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we can solve Eq. p71|) . The solution reads 



2 \ 3 TT m 



(173) 



which gives the full NNLL contribution to the spectrum, of (9(maf InOs) and nothing else. 
At NNNLL, we can obtain the (9(mag In^Os) contribution from Eq. p37|) . which is due to 
the diagram in Fig. El This is because the 0{ma^\vL' as) term has the highest possible 
power of logarithm that could appear from a NNNLL evaluation of the energy and that, 
in order to achieve such power, it is necessary to mix with its NNLL logarithms. As we 
have seen, the latter only appear in the LL evaluation of D^^ fll73p . which, indeed, only 
produces a single logarithm. The other point is that the NLL evaluation of the potentials 
only produces single logarithms unless mixed with LL running. Therefore, the diagrams 

(2) 

with the highest possible power of D'^^' will give the highest possible power of logarithm 
of the spectrum at NNNLL. Thus, we only have to solve Eq. ()137j) (note the replacement 
^us = ^p/^)i which in the limit considered here reads 

^v^Dfs{^p) = asDfl\up) + .... (174) 

The solution is 
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27 



TT 



3 Vp 



m 



(175) 



V. RENORMALONS AND THE DEFINITION OF THE HEAVY QUARK MASS 



A. The pole mass and static singlet potential renormalon 

The pole mass of a heavy quark can be related to the MS mass by the series 

oo 



m = m 



MS 



(176) 



n=0 



where as = C(s{^), ^ms is calculated at the normalization point u = (in this way 

logarithms that are not associated with the r enormalon are effectively resumrned) and the 



first three coefficients rn, r^ and are known (jChetvrkin and Steinhauser , 



1990; 



200G; 



Grav et al. 



Melnikov and Ritbergenl . 120001 ). The p ole mass i s also known to be IR finite and 



scheme-independent at any finite order in as ( KronfeL 
transform 



3 



m = m 



MS 



19981) . We then define the Borel 

oo 

dte-*/"=5[m](t), B[m]{t) = J2rn-. (177) 



n=0 
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We will denote by renormalons the singularities on the real axis of the Borel plane. The 
behavior of the perturbative expansion of Eq. ()176|) at large orders is dictated by the closest 



renormalon to the origin of its Bore. 



(Beneke and Braun 



1994; 



Bid et al. 



transform, which happens to be loc ated sX t = 2ti / [3q 



1994; 



Neubert and Sachraida 



19951 ) . Being more pre- 



cise, the behavior of the Borel transform near the closest renormalon at the origin reads (we 
define u = (3ot/{ATT)) 



B[ni]{t{u)) = B[6mjis]{t{u)) + (term analytic at u = 1/2), 



where 



B[SmKsMu)) = Nrr 



1 



V- 



[I + c,{l - 2u) + c^il - 2uf + ■ ■ ■) . 



(1 -2m)i+^ 

This dictates the behavior of the perturbative expansion at large orders to be 

6(6-1) 



™Ar /'/^oV £(72+1 + 6) / 



r(i + 6) 



(n + 6) 



(n + 6) (n + 6 — 1 



-C2 + 



(178) 



179) 



;i80) 



The different 6, ci, C2, etc ... can be obtai ned frorn the p rocedure us ed by (Beneto . 119951) . 



The c oefficients 6 and Ci were computed by (|Beneke , 



19951 ) , and C2 by (jBeneke 



1999! 



Pineda . 



20011) . They read 



2/^0 ' "'"/-'o \/^o 

1 (3t + 4/J3A/32 - 2/?o/?f/?2 + /?o'(-2/?? + - 2/5o'/33 



PI 



^^-46^U~^''' 



and 



C2 



6(6-1) 



32PI 



;i81) 
;i82) 



Approx i mate determina tions for iVm h ave been obtained by (|Cvetic 



Pinsd^ 



20011) (see also (jPinedal. l2003b[l). 



2004 : 



Lee 



2003b 



One can think of performing the same analysis with the singlet static potential in the 
situation where Aqcd ^ 1/t. Its perturbative expansion reads 



(183) 



n=0 



The potential, however, is not an IR safe object, since it depends on the IR cutoff u^s, which 
first appears at C(af) (for more details see sec. IIV.Fl) . Nevertheless, these US logarithms 
are not associated with the first IR renormalon, since they also appear in momentum space 
(see also the discussion below), so they will not be considered further in this section. 



16 



We will not consider singularities due to instantons <|Le Guillou and Zinn-Justin (eds.l 



1991 



3. 
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We now use the observation that the first IR renormalon of the singlet static potential 



cancels with (twice) the re normalon of the pole mass. T 
large jSo approximation in (IHoang et al. 



possible effects due to Vus) in (Benekj 



1999b; 



199 



l is has been proven in the (one-chain) 



Pineda 



19981 ) and at any loop (disregarding 



It can also be argued to hold from an EFT 



approach where any renormalon ambiguity should cancel between operators and matching 
coefficients. Let us consider, for instance, the situation 1/r ^ Aqcd- If we understand 
the quantity 2m + V"i°^ as an observable up to 0{r'^K^Qj^^K^Qj^/m) renormalon (and/or 
non-perturbative) contributions, then this proves the (first IR) renormalon cancellation at 
any loop (as well as the independence of this IR renormalon of Vus)- 

One can now read off the asymptotic behavior of the static potential from the one of the 
pole mass and work analogously. We define the Borel transform 



;i84) 



n=0 



The closest renormalon to the origin is located at t = 27r//5o. This dictates the behavior of 
the perturbative expansion at large orders to be 



2tt 



T{n + l + b) 
r(l + 6) 



1 + 



-ci + 



6(6-1) 



(n + b) {n + b){n + b-l) 



C2 + -- 



(185) 



and the Borel transform near the singularity reads 

1 



2m) 1- 



(l + ci(l - 2m) + C2(l - 2uf H ) + (analytic term). 

(186) 

In this case, by analytic term we mea n an analytic function up to the next IR renormalon 
at M = 3/2 |Ag1ietti and Ligetil . Il99.j l. 



For Ny_ som e approximate determinations exist ([Led . l2003b : 



(Pineda, 



Lee. 


2nn3b: 


Pineda . 


2001) 



2003bf )). Actually, the best determinations come from using the cancellation 



of the pole mass and static singlet potential renormalon, i.e. 

2Nm + Nv=0. 



(187) 



B. Renormalon-subtracted scheme and power counting 



In EFTs with heavy quarks, the inverse of the heavy quark mass becomes one of the 
expansion parameters (and of the matching coefficients). A natural choice in the past has 
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been the pole mass because it is the natural definition in processes where the particles 
eventually measured in the detectors correspond to the fields in the Lagrangian (as in QED). 
This is not the case in QCD. One consequence of this is that the pole mass suffers from 
renormalon singularities. Moreover, since these renormalon singularities lie close to the 
origin of the Borel plane and perturbative calculations have gone very far for systems with 
heavy quarks, they manifest themselves as a poor convergence of the perturbative series. It 
is then natural to try to define a new mass parameter, which replaces the pole mass, but is 
still adequate for threshold proble ms. Several ch oices have bee n proposed in the literature : 



the kin etic mass (IBigi^et al 



J^SiLthePS mass 



1999a|), the PS mass ffYakovlev and GrooteL 120011 ) and the RS mass fjPineda 



Beneke 



19981 ) , the ISjnass ( Hoang et al 



2OO1L 



them achieve the renormalon cancellation and share the following structure: 

mx = m — 6mx , 
where X= {PS, IS, ...} and 6mx is an object such that 

B[6mx] = B[6miis] + (analytic term ai u = 1/2) . 



All of 



(188) 



;i89) 



The different definitions have different analytic terms. 5mkin is defined as the self energy of 
a static quark computed with a hard cutoff, 6mps is defined as 1/2 the self energy of the 
Coulomb potential computed with a hard cutoff much smaller than 1/r, 5mpg is defined 
as the soft part of the heavy quark self energy computed with a hard cutoff, 6mis is 1/2 
the perturbative binding energy of the ground state of heavy quarkonium (note that in this 
case the renormalon cancellation is achieved between different powers of as). We will not 
discuss further all these threshold masses. Instead, we will focus on one, the RS mass, which 
better matches with the analyses of the previous section. In any case, a large part of the 
discussion also holds when replacing RS X. It should be noticed that, since different 
masses implement the renormalon cancellation in different ways, different systematic errors 
appear. For instance, the major error in the RS mass comes from (see Eq. fjl80p ). 
For the kinetic and PS masses, it seems difficult to compute higher-order terms. The PS 
and IS masses depend on the US scale at NNNLO, which may be problematic once this 
precision is needed (for instance in B physics). Finally, the IS mass assumes the ground 
state of heavy quarkonium to be mainly a perturbative system. Therefore, having at disposal 
several masses may help to have a better handle on the errors, e.g. in the extraction of the 
MS quark masses. 
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The RS definition tries to cancel the poor perturbative behavior associated with the 
renormalon, which is due to the non-analytic terms in 1 — 2m in the Borel transform of 
the pole ma ss. The s e term s also exist in the effective theory. Therefore, the procedure 



followed by (jPineda 



20011 ) was to subtract the pure renormalon contribution in the new 



mass definition^^, which was called RS mass, mRg, and reads 

,n^(.,) = ,n-± N.,„ V, (I) " f; c.£^i±l±^ . (190) 

n=l ^ ^ fc=0 ^ ' 



where cq = 1. We expect that with this renormalon free definition, the coefficients multi- 
plying the expansion parameters in the effective theory calculation will have a natural size 
and that the same holds for the coefficients multiplying the powers of as in the perturbative 
expansion relating m^s to ra-y^. Therefore, we do not lose accuracy if we first obtain m^s 
and later on we use the perturbative relation between mRg and vriy^ in order to obtain the 
latter. Nevertheless, since we will work order by order in Og, in the relation between mRs 
and vriy^ it is important to expand everything in terms of ctg, specifically aJyUj)^ in order to 
achieve the renormalon cancellation order by order in a^. Then, the perturbative expansion 
in terms of the MS mass reads 

oo 
n=0 

where = r^^{mjj^, i/, Uf). These r^^ are the ones expected to be of natural size (or at 
least not to be artificially enlarged by the first IR renormalon). 

These definitions significantly improve the convergen ce of the perturbative series in com- 



parison with the pole mass. We refer to (jPineda . 



20011 ) for numerical details. 



The shift from the pole mass to the RS mass affects the explicit expression of the effective 
Lagrangians. In particular, in HQET, at LO, a residual mass term appears in the Lagrangian 

C = h {iDo - 5mRs) h + O ( ^ ) , (192) 

where Smus = m — m^s and similarly for the NRQCD Lagrangian. 

For pNRQCD in the situation where Aqcd ^ mas, if we consider the LO in 1/m, the 
residual mass term is absorbed in the static potential (in going from NRQCD to pNRQCD, 



^"^ One could also choose not to include terms proportional to Cn for n >2, since these terms actually go to 
zero for u ^ 1/2 for the physical values of 6 ~ 0.4. 
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one runs down the scale Vf to z// < mas). We can then, analogously to the RS mass, define 
a singlet static RS potential 

V%{vf) = V^'^ + 25m^s, (193) 

where the coefficients multiplying the perturbative series should be of 0{1) (provided that 
we expand and ^m^s in the same parameter, namely a^)- Notice also the trivial fact 
that the scheme dependence of m^s cancels with the scheme dependence of Vrs- This defi- 
nition significantly ir nproves of the pertur bative expansion in the potential. For a numerical 



analysis we refer to (jPinedal . l200lL l2003br i . 

The pNRQCD Lagrangian in the weak-coupling regime in the RS scheme is formally equal 
to the one in the on-shell scheme (see Eq. (lUOj) ) with the modifications mi(2) ^i,rs(2,rs)) 
V — > Vjis and so on. Note in particular that now the expansion is in terms of 
One can then compute observables along the lines of sec. llV.dl (at the practical level, one 
could work in the on-shell scheme and do the above replacement to go to the RS scheme). 
For instance, one would obtain the following expression for the heavy quarkonium spectrum 
(see Eq. (pH|l ): 

oo 

Mr^i, = 2mRs + AZrMaT + SM^^M , (194) 

m=2 

where the Uus scale dependence of the different pieces cancels in the overall sum (for the 
perturbative sum, this dependence ffrst appears in A^^^). 

We expect that by working with the RS scheme the coefficients multiplying the powers 
of as will now be of natural size and, therefore, the convergence is improved compared with 
the on-shell scheme. Actually, this seems to be the case. See ch. IVlllI for details and a 
phenomenological discussion. 



Finally, we would like to discuss some theoretical issues (see also the discussion in fjBeneke , 



1999[ )). First, once one agrees to give up using the pole mass as an expansion parameter, one 



may still wonder why not to use the MS mass instead. There are several answers to this ques- 
tion. The first is that due to the fact that there is another scale, mas, besides m, one would 



Note that the definition of the RS scheme in the octet sector is more involved, since there are some 
renormalons left at w = 1/2 in Vo*'"'' + 2(5mRs- The reason is that, even at LO in l/m, 2m + Vo^"^ is not 
an observable. This is due to the fact that there is still interaction with low energy gluons. Therefore, 
one expects 2m + Vo°^ to be ambiguous by an amount of O(Aqcd)- We will elaborate on this in the next 
chapter. 
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not achieve the renormalon cancellation order by order in as but rather between different 
orders in ag, jeopardizing in this way the conver gence of the perturb ative expansion. This 



can be resolved by using the upsilon expansion (jHoang et al 



1999a|). Nevertheless, some 



other problems may remain. On the one hand, working with m-g^ would mean introducing 
a large shift in the pNRQCD Lagrangian of 0{mas)i and therefore jeopardizing the power 
counting rules. Furthermore, by expanding everything in terms of Og, we may introduce a 
potentially large logarithm, Inm/z/ (note that we cannot minimize this logarithm except at 
the price of introducing another large logarithm, \n.{mas/v))- 



VI. (P)NRQCD: THE STATIC LIMIT 

Although NRQCD and pNRQCD were originally designed to study Q-Q systems of large 
but finite mass, it is very interesting to consider their static limit (where m — > cxd while 
keeping all the other scales finite). On the one hand the static energy spectra are the main 
ingredient for the potentials both in the strong and in the weak-coupling regime. On the 
other hand the study of the energy spectrum is interesting by itself. For instance, a linear 
dependence on r for the ground state energy at long distances is usually considered a proof of 
confinement. The abundant lattice data (at least of quenched simulations) makes it possible 
to study quantitatively for which distances the potentials are in the perturbative or non- 
perturbative regime, providing a controlled framework to discern when to use the weak- or 
the strong-coupling version of pNRQCD. To answer this question the proper handling of the 
renormalon singularities will be crucial. 



A. NRQCD in the static limit 

The Hamiltonian associated with the Lagrangian ^ is 

H = ifW + 0(l/m), (195) 

This is certainly so for t-t physics. Nevertheless, for bottom, the 0{mas) term does not seem to be that 
large nmnerically, being much smaller than the typical values of the soft scale in the T(IS'). Therefore, it 
may happen that working with the MS mass does not destroy the power counting rules of pNRQCD (or 
HQET) at the practical level. 
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(196) 



and the physical states are constrained to satisfy the Gauss law: 

"/ 

D • n-^lphys) = ^(^+r> + x^T'^x + ^.7°T'^gi)|phys). (197) 

We are interested in the one-quark-one-antiquark sector of the Fock space. In the static 
hmit it is spanned by 

|n;xi,X2)(°) = ^t(x,);^t(x2)|n;xi,X2)(°), Vxi,X2, (198) 

where |n; xi, X2)*^°^ is a gauge-invariant (since it satisfies the Gauss law) eigenstate (up to 
a phase) of H''^^ with energy En\yii,y:.2)- For convenience, we use here the field Xc(x) = 
2cr^X*(x), instead of x(x)) because it is the one to which a particle interpretation can easily be 
given: it corresponds to a Pauli spinor that annihilates a fermion in the 3* representation of 
color SU (3) with the standard, particle-like, spin structure. |n; xi, X2)*-°'' encodes the gluonic 
content of the state, namely it is annihilated by Xc(x) and for all x. It transforms as 
a 3x1 ® under color S'f/(3). The normalizations are taken as follows 

(°)(m;xi,X2|n;xi,X2)(°) = (199) 
(°)(m;xi,X2|n;yi,y2)(°) = 5„^5(3)(xi - yM''\-^2 - 72) ■ (200) 

We have made explicit that the positions xi and X2 of the quark and antiquark respec- 
tively are good quantum numbers for the static solution |n; Xi, X2)*-°'' (since there are no 
spatial derivatives in the Lagrangian), whereas n generically denotes the remaining quan- 
tum numbers. We also choose the basis such that T|n; xi, X2)^°'' = |n; xi, X2)^°-' where T 
is the time-reversal operator. The ground-state energy i?Q°''(xi, X2) can be associated with 
the static potential of the heavy quarkonium in some circumstances (see sec. IVII.E|) . The 
remaining energies £^i°''(xi, X2), n 7^ 0, are usually associated with the potential used in 



quarkonium or 



leavy hy- 



order to describe hybrids (they may also correspond to heavy 
brids plus glueballs) . They can be computed on the lattice (see (jJuge et all 120031 ) and also 
Fig- EI)- Translational invariance implies that En\^i-,^2) = En\r). This means that they 
are functions of r and the only other scale in the system, Aqcd- 

In static NRQCD, the gluonic exc itations betwee n static quarks have the same symme- 



tries as in a diatomic molecule (see (|Messiahl . 119791 )). In the centre-of-mass system, these 
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0.5 



r/r, 



1.5 



2.5 



FIG. 13 Different hybrid potentials 



Juae et al 



2003 ) at a l attice spacing (! „ ~ 0.2 fm 0.4 ro, 



where ro ~ 0.5 fm is the scale for which —rndV/dr 



the gluelump spectrum 



Foster and Michae. 



r=ro 



1.65 



Sommen . 



199 A) , in comparison with 



19991 ) (circles, left-most data points). The gluelump 
spectrum has been shifted by a constant to adjust the 1"^ state with the liu <ind T,^ potentials at 
short distance. In a ddition, we include the sum of the ground s tate fT,t ) potential and th e scala r 



glueball mass mQ++ i Bali et al 



199 



Lucini and Tevei 



The lines are drawn to guide the eye. From \Ba,l,i and, Pineda . 



2001 



Morninastar and Peardon. 



mni). 



19991) . 



correspond to the symmetry group D^oh (substituting the parity generator by CP). Accord- 
ing to that symmetry, the mass eigenstates are classified in terms of the angular momentum 
along the quark- ant iquark axis {\Lz\ = 0, 1, 2, . . . to which one gives the traditional names 
S, n, A, . . .), CP (even, g, or odd, u), and the refiection properties with respect to a plane 
that passes through the quark- ant iquark axis (even, +, or odd, — ). Only the S states are 
not degenerate with respect to the refiection symmetry. 



B. Static pNRQCD in the weak-coupling regime 



In the static limit pNRQCD has the same symmetries as NRQCD. In this section we will 



discuss some general properties of the short-distance behaviour o 



can be straightforwardly derived within this EFT. We will follow (jBrambilla et al 



the static energies th at 



20001). 
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In the limit Aqcd ^ 1/r and at LO in 1/m, the spectrum of the theory can be read off 
from the Lagrangian ()60|) . In particular, the LO solution corresponds to the zeroth order of 
the multipole and 1/m expansions. At this order, while the singlet decouples from the octet 
and the gluons, the octet is still coupled to gluons. We call gluelumps the states made of 
an adjoint source in the presence of a gluonic field, 

H{R, r, t) = if"(R, t)0"(R, r, t). (201) 

These, in turn, correspond to the gluonic excitations between static quarks in the short- 
distance limit, for which there is abundant non-perturbative data available from lattice 
simulations (see Fig. IT^ . Depending on the glue operator H"^ and its symmetries, the 
gluelump operator O'^H'^ describes a specific gluonic excitation between static quarks and 
its static energy, Vh- 

In static pNRQCD at lowest order in the multipole expansion, besides the symmetries 
of static NRQCD, extra symmetries for the gluonic excitations between static quarks ap- 
pear. The glue dynamics no longer involves the relative coordinate r. Therefore, the glue 
associated with a gluonic excitation between static quarks acquires a spherical symmetry. 
In the centre-of-mass system, gluonic excitations between static quarks are, therefore, clas- 
sified according to representations of 0(3) ® C, which we summarize by L, the angular 
momentum, CP and reflection with respect to a plane passing through the quark-antiquark 
axis. Since this symmetry group is larger than that of NRQCD, several gluonic excitations 
between static quarks are expected to be approximately degenerate in pNRQCD, i.e. in the 
short- distance limit r ^ 1/Aqcd- We illustrate this point in Tab. |l] where all operators, H, 
up to dimension 3 are built and classified according to their quantum numbers in NRQCD 
and pNRQCD. In Tab. Uall the operators are evaluated at the centre-of-mass coordinates. 

is not displayed since it corresponds to the singlet state. The prime indicates excited 
states of the same quantum numbers. The operators chosen for the 11 and A states are not 
eigenstates of the reflection operator. This is not important since these states are degenerate 
with respect to this symmetry. From the results of Tab. |l] the following degeneracies are 
expected in the short-distance limit: 

s;~n„; s+~n;~A„. (202) 
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Similar observations have also been made by (jFoster and Michaell . 119991 ) . In pNRQCD they 



emerge in a quite clear and straightforward way and one can explicitly write down the 
relevant operators. For higher excitations the expected degeneracies have been obtained by 



( Bali and Pineda . 
sec. Em 



200J). We will discuss them further when comparing with lattice data in 



Gluelumps 


L = 1 


L = 2 




r E ,r (D X B) 








(r •D)(r -B) 




r X E , r X (D X B) 








r X ((r •D)B + D(r -B)) 






(r X D)*(r X Bp + (r x Dy(r x B)* 






(r.D)(r.E) 




r B ,r (D X E) 






r X B ,r X (D X E) 








r X ((r •D)E + D(r -E)) 






(r X D)*(r X Ep + (r x Dy(r x E)' 



TABLE I Operators H for the E, 11 and A gluonic excitations between static quarks in pNRQCD 
up to dimensions 3. The covariant derivative is understood in the adjoint representation. D-B and 
D • E do not appear, the first because it is identically zero after using the Jacobi i dentity, while the 
secon d gives vanishing contributions after using the equations of motion. From iBrambilla et all . 

mm) 



So far only the symmetries of pNRQCD at lowest order in the multipole expansion have 
been used. In fact one can go beyond that and predict the shape of the static energies by 
calculating the singlet and gluelump (static hybrid) correlators 

(vac|i7(R, r, T/2)H\I{!, r', -T/2)|vac) ~ ^^(R - R')5='(r - r') e'^'^^^^'-) , (203) 

(vac|5(r, R, T/2)5t(R', r', -T/2)|vac) ~ 6\li - K!)5\r - r') e-*^^''*'"^ , (204) 
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for large T. At lowest order in the multipole expansion the spectrum of the singlet state 
reads^° 

Es{r) =2m + V}^\r) + 0{r^). (205) 
For the static hybrids, the spectrum reads (Vh = Vo^\r) + Ah) 

Enir) = 2m + V^''\r) + Kh + 0{r^) , (206) 

where 

^ hm ln(/7"(T/2)C?(T/2, -T /2)H\-T /2)) . (207) 

1 — ^oo 1 

Note that Eq. ()207p allows us to relate the correlation length of some gluonic correlators to 
the behavior of the spectrum of the static hybrids at short distances. Note also that Ah is 
the same for operators corresponding to states that are degenerate. 

The potentials V"i°^ and Vo'^^ can be computed within perturbation theory. One could 
then perform a detailed comparison with lattice data. We will see that in order to do so we 
will have to deal first with the renormalon ambiguities in the way explained in ch. |^ 



C. The singlet static potential at short distances versus lattice 



In the last years, lattice simulations (iBali et aJl Il997l : iNecco and Sommeii . 120021 ) have 
improved their predictions at short distances allowing very accurate comparisons between 
perturbation theory and lattice simulations. In order to perform this comparison, we can- 
not work in the on-shell scheme due to the presence of the renormalon, which destroys 
the convergence of the perturbative series. Therefore, schernes were introduced t o make the 



renormalon cancellation explicit. In (jRecksiegel and Sumino 



2m 



Suminn 



20021 ) the renor- 
malon cancellation is achieved order by order in as by expanding both m and Vs^^^ in terms 
of the same asii^). A poten tial problem of this raethq d is the appearance of large logarithms 
in the mass expansion. In (jNecco and Sommeii . 120011 ) lattice data were shown to agree with 



perturbati on theory at sh ort distances if the force was used instead of the potential. It was 



shown in (^Pineda 



2008b[ ) that this is equivalent to working in a renormalon-free scheme. 



By taking the arbitrary subtraction constant as twice the pole mass of a heavy quark in Eqs H2U5|) . H2U6|I . 
these equations become renormalon free. 
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and a first quantitative comparison of tlie (qu enched) latt ice data witli tlie renormalon 



subtracted potential V^Jrs(^) done (see also (|Led,|2Q03a)). This analysis allowed to put 



3)^ 



quantitative bounds on non-perturbative effects at short distances and, in pa rticular, it rul ed 
out a linear potential with slope a = 0.21 GeV^ at short distances (see also ( Pineda . 2o3)). 
It also showed that today lattice data are precise enough to be sensitive to three-loop per- 
turbation theory (see Fig. IT^. Overall, up to distances of around 0.4-0.5 ro, perturbation 
theory is convergent with small errors and agr ees with lattice data in all of the previous 



analyses. For larger distances the analysis of ([Pinedal . l2003br i shows agreement with the 
lattice data (within errors) up to distances of ~ 0.8 ro if large logarithms are resummed. In 
( Recksiegel and Suminoll2003^ it was argued that, by fine-tuning the renormalization scale, 
agreement with lattice data can be reached (within errors) up to Stq. Nevertheless, for such 
large distances, the use of perturbation theory is quite doubtful. Therefore, further studies 
are needed to see whether this agreement is purely accidental or a theoretical explanation 
can be given. 
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FIG. 14 Plot of rQ{V[is{r) — VYis{r')+Eiatt. {'''')) versus r at tree (dashed line), one-loop (dash-dotted 
line), two-loop (dotted line) and three-loop level (estimate) plus th e RG expression for t he US loga- 



rithms (solid line) compared with the lattice simulations Eiatt.i''') 



Necco and Sommei 



the s cale of as{y), we set v = 1/r. Furthe r. 



19991 ). and r' = 0. 15399 tq. From iPinedc . 



2.5 rn\ 



iMM) 



' ^"-MS 



0.602 r 







200i). For 



Cavitani et al 



D. Gluelumps versus lattice 



We compare the predictions of pNRQCD for the static hybrids in the weak-coupling 
regime with lattice data. We first explore at which distances the expected degeneracies 
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start to be fulfilled and whether the gluelump mass and hybrid potential splittings agree 
with each other. See Fig. ^1 On a qualitative level the short-distance data are consistent 
with the expected degeneracies. In any case, at best, one can possibly imagine perturbation 
theory to be valid for the left-most two data points. With the exception of the U^, !!„ and 
$u potentials there are also no clear signs for the onset of the short- distance 1/r behaviour 
with a positive coefficient as expected from perturbation theory. Furthermore, most of 
the gaps within multiplets of hybrid potentials, which at LO depend on the size of the non- 
perturbative term, are still quite significant, even at r = 0.4 tq; for instance, the difference 
between the S~ and n„ potentials at this distance is about 0.28 Tq ^ ^ 110 MeV. 

From the above considerations it is clear that for a more quant itative study one needs 



lattice data at shorter distances. These have been provided by ([Bali and Pinedal . 120041 ) 
for the lowest two gluonic excitations, Uu and S~. We display their differences in the 
continuum limit in Fig. We see how these approach zero at small r, as expected from 



2^ 



2 



the short-distance expansion. pNRQCD predicts that the next effects should be of 0{r 
(and renormalon-free) . The lattice data are fitted rather well by a AEyi^_j,+ = An^-s^ 
ansatz for short distances, with slope (see Fig. ITH|) . 

^^„-E-=0.92^°:ir-^ (208) 

where the error is purely statistical (lattice), the systematic error being negligible. We 
remark that within the framework of static pNRQCD and to second order in the multipole 
expansion, one can relate the slope Ajj^_^- to gluonic correlators of QCD. 

One can go beyond these analyses and use lattice data plus the knowledge of the (per- 
turbative) octet potential to obtain numerical values for gluelump masses in a particular 
scheme. However, analogously to the situation with the static singlet potential, the conver- 
gence of the perturbative series of the octet potential is bad. The solution to this problem 
comes again from working in a RS scheme properly generalized to the hybrid case. The 
hybrid energy reads 

Enir) = 2mRs(^//) + V;,Rs(r; Uf) + Afiuf) + Oir^) . (209) 

In the RS scheme the octet potential reads 

oo 

VoM^f) = Vo- SVo,Ks = Yl , (210) 



n=0 
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FIG. 15 Splitting between the T,^ and the liu potentials, extrapolated to the continuum limit, and 
comparison with a quadr atic fit to the r 0.5 ro data points (rQ^ ~ 0.4 GeV). The big circles 



correspond to the data of Uuae et al 



200: 



The errors in this case are smaller than the symbols. 



The smaller circles correspond to the data of iBali and Pinedc . 



mi). 



200 A) . From 



Bali and Pinedc , 



where 



n=l 



27r 



Cfc- 



fc=0 



T{n + l + h-k) 
T{l + h-k) 



This specifies the gluelump mass which reads 



(211) 



(212) 



where 



n=l 



Note that factorization requires 



27r 



fc=0 



r(n + 1 + 6- A;) 
V{l + b-k) 



(213) 



2Nm + Nv^ + N, 



0. 



(214) 



is already known and Ny^ can also be obtained approximately from low orders in pertur- 
bation theory following the same procedure as in sec. IV. Al One now has a convergent series 
in perturbation theory and can obtain absolute values for the masses of the gluelumps, in 
particular for the lowest gluelump using the splitting of the and the Ilu potential. Then 
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TABLE II Absolute values for the gluelump masses in the continuum limit in the RS scheme at 



2.5 rn 



1 GeV, in tq units and in GeV. Note that an additional uncertainty of about 10% 



should be added to the last column to account for the quenched approximation. We also display 
examples of creation operators H for these sta tes. The curly braces denote complete symmetrization 



of the indices. From iBali and, Pinedc , 



mi) 





H 




A^S/GeV 


1+- 


Bi 


2.25(39) 


0.87(15) 




Ei 


3.18(41) 


1.25(16) 


2— 




3.69(42) 


1.45(17) 


2+- 




4.72(48) 


1.86(19) 


3+- 




4.72(45) 


1.86(18) 


0++ 


B2 


5.02(46) 


1.98(18) 


4— 




5.41(46) 


2.13(18) 


1-+ 


(B A E), 


5.45(51) 


2.15(20) 



using the lattice data of ([Foster and Michael Il999[ ). it is possible to obtain the absolute val- 
ues for the masses of all gluelump excitations in a given scheme (in this case, the RS scheme). 
he results are summa rized in Table IHl For a comparison with other determinations, see 



( Bali and Pineda 



VII. POTENTIAL NRQCD. THE STRONG-COUPLING REGIME 

In this chapter, we discuss pNRQCD under the condition that Aqcd ^ E. We have called 
this situation the strong-coupling regime of pNRQCD in ch. IIIH where some general features 
of the physical picture have already been discussed. Since the EFT does not tell us anything 
about the non-perturbative dynamics of QCD, we have to rely on some assumptions in order 
to identify the relevant degrees of freedom. The assumptions will be minimal, supported by 
general considerations and lattice data, but clearly we are on a less solid ground here than 
in the weak-coupling regime. 
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A. Degrees of freedom 



If we consider the case without hght quarks, the physical states made by a heavy quark 
and antiquark are heavy quarkonium states or hybrids or both of them in the presence of 
glueballs. Quenched lattice data show that the static energy of the lowest state is sepa- 
rated by a gap of order Aqcd from the higher ones. This feature is preserved in going to 
unquenched simulations (see Fig. HJ. We assume that this feature is also preserved in the 
dynamical case of heavy quarks with finite masses. This leads to identify the heavy quarko- 
nium with the solution of the Schrodinger equation on which the static potential corresponds 
to the ground state static energy. 

Once light fermions have been incorporated, however, new gauge-invariant states appear 
besides the heavy quarkonium, hybrids and glueballs. First, we have states with no heavy 
quark content. Due to chiral symmetry, there is a mass gap, of (^(Aqcd), between the 
Goldstone bosons, which are massless in the chiral limit, and the rest of the spectrum. 
Therefore, the Goldstone bosons are US degrees of freedom, while the rest of the spectrum is 
integrated out at the scale Aqcd- Besides these, we also have bound states made of one heavy 
quark and light quarks. In practice, we are consider ing the Qq-Qq system. The energy of this 



system is, according to the HQET counting rules ()Neubertl . Il994l ). mg^ + m^^ = 2m + 2 A. 
Therefore, since A ~ Aqcd, we assume that also these states are integrated out at the scale 
Aqcd- This cannot be done for heavy quarkonium states near threshold, since in this case 
there is no mass gap between the heavy quarkonium and the creation of a Qq-Qq pair. Thus, 
if we want to study the heavy quarkonium near threshold, we should include these degrees of 
freedom in the spectr um (for a model-dependent approach to this situation see, for instance. 



fEichten et al 



19781 )). We will assume here that the considered heavy quarkonium states 
are safely far from threshold^^. 

Summarizing, the degrees of freedom of pNRQCD in the regime Aqcd ^ E for quarko- 
nium states far from threshold are a singlet field S, describing the heavy quarkonium state, 
and Goldstone boson fields. In the following, we will not consider the Goldstone boson fields. 
If one switches off the light fermions, only the singlet survives and pNRQCD reduces to a 
pure two-particle NR quantum-mechanical system, usually referred to as a pure potential 



One may think of relaxing this condition in the large Nc limit, where the mixing between the heavy 
quarkonium and the Qq-Qq is suppressed by powers of l/Nc- 
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model. 



B. Power counting 

The structure of the pNRQCD Lagrangian under the above conditions is very simple: it 
is just a bilinear in the singlet field. Therefore, establishing the power counting means to 
estimate the size of the terms multiplying the bilinear. 

The soft scale |p| must be assigned to — iVr and 1/r, the US scale E ~ p^/m to the time 
derivatives ido and Vs^\ This last condition follows from the consistency of the theory that 
requires the virial theorem to be fulfilled. In other words, all the terms in the Schrodinger 
equation. 



must count the same. Note that the normalization condition of the wavef unction 
(J d^r |0(r)|^ = 1) sets ~ |p|^. In general, the 1/m corrections to the potential (real and 
imaginary) will be a combination of ttg calculated at different scales, derivatives with respect 
to the relative coordinate — iVr, 1/r and expectation values of the fields of the light degrees 
of freedom. The quantities m and asim) are inherited from the hard matching and have well- 
known values, in particular Q;s(m) ^ 1. The strong-coupling constant also appears evaluated 
at the scales y^m Aqcd, ^/r, Aqcd and E. At the scale -y/m Aqcd, which appears in loop cal- 
culations (see below), aslm) <S as{-\Jm Aqcd) <S 1 since sj m Aqcd ^ Aqcd- At the scales 
Aqcd and q;s(Aqcd) ~ 1 and a^^E) ~ 1 by definition of the strong-coupling regime. If 
IpI ~ Aqcd, then also a^il/r) ~ 1. If |p| > Aqcd > E, then as{^/mJu^) < cis{l/r) < 1. 
In the situation |p| ~ Aqcd the expectation values of the fields of the light degrees of freedom 
depend on r and Aqcd, while in the situation |p| Aqcd ^ E, the 1/r ~ |p| dependence 
factorizes and the expectation values of the fields of the fight degrees of freedom depend only 
on Aqcd^^- In both cases their natural counting is Aqcd to the power of their dimension. 

This is certainly so for states with low principal quantum number n. For higher excitations one should 
keep in mind that p and 1/r could scale differently with n. 




(215) 
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C. Lagrangian and symmetries 



The pNRQCD Lagrangian (without Goldstone bosons) is given by: 

Wqcd = j d^nj £v S\ido - /i.(xi, X2, pi, P2, Si, S2))S, (216) 

where 

2 2 

hsi^l, X2, Pi, P2, Si, S2) = + + K(X1, X2, Pl, P2, Si, S2), (217) 

ZT/T-i ZTn2 

Pj = — iVxj, r = xi — X2, R = (xi + X2)/2 and Sj is the spin operator of particle j. In 
the following, as long as not stated differently, we will assume mi 7^ 7712. However, we will 
not exploit a possible hierarchy between the two masses, which, for our purpouses, are of 
the same order ~ m ^ Aqcd- The potential Vg contains a real and an imaginary part. 
The real part is responsible for the binding, the imaginary part for the decay width of the 
heavy quarkonium state. The imaginary part of Vg comes from the imaginary parts of the 
matching coefficients of the 4-fermion operators of NRQCD. The potential K is, in general, 
a non-perturbative quantity, even if, to some degree, it may contain pieces calculable in 
perturbation theory, like, for instance, the matching coefficients of NRQCD, or in general any 
contribution coming from scales larger than Aqcd- It is the aim of the matching procedure, 
which we will discuss in the following sections, to provide the factorization formulas and the 
exact expressions for the non-perturbative pieces. These may be eventually calculated on 
the lattice or in QCD vacuum models, which will be the subject of sec. IVILCll 

The symmetries of the singlet field are those already discussed for the pNRQCD La- 
grangian in the weak-coupling regime. In particular, the potential and the kinetic energies 
satisfy the Poincare invariance constraints ()85p and (jHUj) (for the singlet potential). Note that 
Poincare invariance may also constrain the natural power counting discussed in sec. IVII.BI 



D. Matching: analytic and non-analytic mass terms 

Despite the fact that the strong-coupling Lagrangian ()216|1 looks quite simple, the match- 
ing procedure that leads to it may be complicated. This is due to the fact that we have 
to integrate out, and, therefore, to make explicit, all the degrees of freedom (or momentum 
regions) that appear in the range from the hard to the US scale within a non-perturbative 
environment. 



93 
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FIG. 16 The incoming energy E is of order AqcD; P 0,^(1 q of order mv. The vertex describes the 
interaction with an external potential V . 

Since we are also integrating out Aqcd, new momentum regions (apart from Aqcd itself) 
that do not appear in the weak-coupling matching show up. Let us consider, for instance, the 
diagram of Fig. Suppose that the incoming (outcoming) particle is an off-shell particle of 
energy ~ Aqcd and three-momentum p{q) ~ mv (for instance, an on-shell particle that just 
emitted (absorbed) a soft gluon of energy Aqcd)- The diagram corresponds to the integral: 

^^(p - Ot^^i^t— ^(^ - q)- (218) 



This integral also receives a contribution from the three-momentum region ^ ~ ymE 



y/m Aqcd- Since -^/m Aqcd ^ Aqcd, the potential is perturbative, and since -^/m Aqcd 3> 
p, g, we may expand in p and q and the integral effectively reduces to: 



^ , I 1 2 1 1 



J (27r)3 e E - e/m + ^ Aqcd >^A^' ^^^^^ 

where ctg is calculated at the (perturbative) scale Aqcd- From the above example we 
may draw the following conclusions. First, in the strong-coupling regime new degrees of 
freedom show up in loops, namely quark-antiquark pairs with relative three-momentum of 



order ^/"^ Aqcd and on-shell energy of order Aqcd- Since the scale y'm Aqcd ^ |p| for 
Aqcd ^ E, this is the largest scale below m and, thus, the first to be integrated out. The 
only reason this otherwise dominant contribution to the potential is suppressed is that it 
appears only in loops. Second, since we expand in the external momenta, which are small 
compared to Aqcdj the effective interaction that arises is local. Third, this kind of 
contribution is non-analytic in m. 

It is convenient to split the potential (imaginary and real part) into a part that gets 
contributions only from scales that are analytic in the mass, V^/"", and another, V^^^, 



that contains any contribution coming from the scale Aqcd^ 

V, = 1/1/"^ + -^i/v^. (220) 
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We will often refer to V^^ ^ as the part of the potential that is non-analytic in 1/m. This 
is only true at LO, which is, however, the order at which we will work here. The matching 
for the V^/™ part may be performed in a strict 1/m expansion. The matching for the V^^^ 
part maybe done by integrating out quark-antiquark pairs with relative three-momenta of 
order ^mAqcD- 

We will next discuss the matching procedures for 1^^/™- and V^^^ in the situations 
IpI ~ ^QCD and |p| ^ Aqcd ^ E. We will first consider the case |p| ~ Aqcd in sec. IVll.EI 
The potential will be a function of r and Aqcd- This is the most general case. The particular 
case IpI ^ Aqcd ^ E may be derived from it by factorizing the potential in a high-energy 
part that depends on 1/r ~ |p| and a low-energy part that depends on Aqcd- In this 
case, however, it is more practical and consistent with the general philosophy of the EFT 
to achieve factorization directly by integrating out the scales |p| and Aqcd in two different 
steps of the matching procedure. We will consider this situation in sec. IVll.FI We note 
here that terms that come out local in the situation |p| ~ Aqcd are already factorized and, 
therefore, will be reproduced (up to field redefinitions) in the situation |p| ^ Aqcd ^ E. 
This is the case of the imaginary part of the potential, which comes from the 4-fermion 
contact terms of the NRQCD Lagrangian, and the part of the potential that is non-analytic 
in 1/m. 

Finally, we would like to mention that soft light fermions will not be explicitly considered 
in the matching computation. If we want to incorporate them, the procedure would be 
analogous. One would have to consider the matrix elements and Wilson loops with dynamical 
light fermions incorporated and new terms appearing in the energies at 0(l/m2) due to 
operators involving light fermions that appear in the NRQCD Lagrangian at (9(l/m^) and 
the Gauss law. 

E. Matching for |p| ~ Aqcd 

In sec. IVI.Al we have discussed the static limit of NRQCD. The spectrum consists of the 
static energies E^^ <^ Ef^^ -C . . .. We assume a gap of order Aqcd between E^^ and the 
higher excitations. pNRQCD is, by definition, the EFT that describes the lowest excitation 
of the NRQCD spectrum. From Eq. ^IT^ . it follows that pNRQCD in the static limit 
consists of a singlet field S with static energy V^'^\ Since the static energy is an observable. 
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the matching condition in the static hmit is: 

Ej°)(r) = V(o)(r). (221) 

Note that the left-hand side is a quantity defined in NRQCD, while the right-hand side is a 
matching coefficient of pNRQCD. 

We may think of generalizing the matching condition ()221|) to the non-static case. Simi- 
larly to what we have done in sec. IVI.Al we introduce the normalized eigenstates, |n; xi, X2), 
and eigenvalues, ii^„(xi, X2; pi, P2), of the full NRQCD Hamiltonian H. They satisfy the 
equations 

if|n; xi, X2) = j (iVic/V2|n; x'^, X2)-E„(xi, x'a, p^, P2, Si, S2)5^'^Hxi - Xi)(5^'^^(x2 - X2), 

(222) 

(m;xi,X2|n;yi,y2) = ^n^^^^'Hxi - yi)5(='Hx2 - y2), (223) 

where the states are labeled with the positions xi and X2 of the static solution even if the 
position operator does not commute with H beyond the static limit. The eigenvalues 
are, in general, functions of the momentum and spin operators and, therefore, should be 
understood as operators as well. We assume a gap of order Aqcd between (the levels of) Eq 
and (the levels of) En for n > 0. Under this circumstance, and arguing as in the static case 
above, it follows that the matching condition reads: 

Eo(xi, X2, Pi, P2, Si, S2) = /ls(xi, X2, Pl, P2, Si, S2). (224) 

Again, this equation expresses the (real and imaginary parts of the) pNRQCD Hamiltonian 
in terms of a quantity, 

Eo(xi, X2, Pl, P2, Si, S2)5(=')(xi - yi)5^^\-^2 - y2) = (0; xi, X2|/f|0; yi, y2), (225) 

defined in NRQCD. The aim of the matching is to calculate this quantity. As discussed 
above, it will contain a part that is analytic in 1/m and another that is not. 

1. Matching of the analytic terms: quantum-mechanical matching 

The analytic part of Eq can be calculated, by definition, in a strict 1/m expansion. The 
idea is to split the NRQCD Hamiltonian as 

H = + Hi, (226) 
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where is the static Hamiltonian, whose eigenstates and eigenvalues have been discussed 
in sec. IVI.A| and 



Hi 



^(1,0) ^(0,1) ^(2,0) ^{0,2) 



mi 



+ 



1712 



+ 



+ 



+ 



mt; 



17111712 



+ ■ 



(227) 



is the sum of all higher-order terms in the 1/m expansion of the NRQCD Hamiltonian. 
Then solve Eq. ()222j) by doing quantum-mechanic perturbation theory around the static 



solution. Calculated in this way, the eigenstates (and eigenvalues) of Eq. (|222|) come out as 
expansions in powers of 1/m: 



1 1 
|n;xi,X2) = |n;xi,X2)(°) + — |n; Xi, Xa)^^'^) + — |n; Xi, Xs)^^'^) 

nil ^2 

^ |n;xi,X2)(^'^) + --- . (228) 



i.|n;xi,X2)(2'°) + ^|n;xi,X2)(°'^) 



ml 



mim2 



I2nn3a[ 



l2nnib^ 



A complete deriva t ion ca n be found in the original literature (iBrambilla et al. 
Pineda and Vaird . 120011 1.^^ Here we only make a few remarks. First, the expressions for 
|n; Xi, X2)^^'°'' and |n; Xi, X2)*-^'°^ look symilar to the well-known formulas of time-independent 
perturbation theory in quantum mechanics, the only difference being the fact that the ener- 
gies En^ depend on spatial coordinates and that the matrix elements of and i/^^'^) are 
operators in the quantum-mechanical sense. Second, as usually done in quantum mechanics, 
we have set the relative phase between |n;xi,X2) and |n; xi, X2)''°-' to 1 in Eq. ()228|) . This 
choice is arbitrary. The freedom of choice reflects the fact that the eigenvalues and eigen- 
states solution of Eq. ()222|) are defined up to a unitary transformation e**^" (with 0}^ = On)'- 



|n, xi, X2) ^ J |n, ^'^)e'0„{.>>i'P'2'^^^^^)si3)(^[ _ xi)5(=^)(x'2 - X2),(229) 

E„(xi, X2, Pl, P2, Si, S2) 

j (iVi (iVa e'°"("'i'"2'Pi'P2.Si,S2)^^(x;, x'2, p;, p'2. Si, S2)e-^0"W'''2.pi,p^-Si-S2) 



x<5(3)(x;-xi)5(3)(x'2-x2). 



(230) 



Our choice preserves the power counting and allows us to obtain rather compact expressions 
for the potentials. Third, from the expression for the state |0; Xi, X2), the expression for the 
energy Eq may be derived straightforwardly, order by order in 1/m, from Eq. ()225|) . Finally, 
the matching condition ()224j) gives the pNRQCD Hamiltonian. 



A similar approach has been used in I Szczeoaniak and Swansoni 1997 1 in order to derive, from the QCD 
Hamiltonian in the Coulomb gauge, the spin-dependent part of the potential up to 0{\/m?). 
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In order to transform the quantum-mechanical expressions into expressions that only 
contain expectation values of gluon fields, the following steps are necessary. 



(1) The first step is to integrate out the fermion fields. They appear in the matrix 
elements of H^^^ and H^'^^ either in the states (see Eq. (|198|) ) or in the Hamiltonian itself 
as 2- or 4-fermion interaction terms. In the first case, we have, for instance, 

W(n;xi,X2| I d'^^^{^)0{^)^{^) |m;yi,y2)(°) = 

(°)(n;xi,X2|0(xi)|m;xi,X2)(°)5(3)(xi-yi)5(=^nx2-y2), (231) 

in the second case 

(°)(n;xi,X2| I d'^^|J^{^)OA{^)mxl{^)OB{^)Xc{^) |m;yi,y2)(°) = (232) 
5(3)(xi -X2) W(n;xi,X2|OA(xi)OB(x2)|m;xi,X2)(°) 6^'\^^ - y^)6^'\^2 - y2), 

where O, Oa and Ob are combinations of gluon fields. In the last case, the interaction 
is local (~ ^'■'^^(r)). At this stage, the expressions only contain matrix elements of 
gluon fields on the pure gluonic states |n; xi, X2)''°^ = \n)^^\ At this point, it is also 
possible to use the Gauss law p97|) . It allows us to write all the terms of the type 
[D,(yfE] in terms of (5^^''(r) times some color matrices, up to terms proportional to ^'•^''(O) 
that vanish in DR. We will assume to be working in this regularization scheme from now on. 

(2) Further simplifications may be achieved using the identities (-Fi,2 = -^(xi,2)): 

(°)(n|Di|n)(°) = Vi, (°)(r2|De2|n)(°) = V2, (233) 

<°>(«|I>.b-)'»'^»|r, .0,,„,0.,,)<0..-«P!!1V.M. ,234, 

W(n|(?Ei|n)(o) = -(ViEf ), W(n|(?E[|r2)(o) = (V2^f ), (235) 

where Dc is the charge conjugate of D. The first equality follows from symmetry 
considerations, the second and the third may be derived from ^ (n| [i/W, D] = 
En^ (?T,|D|j)*^°^ — ^^^n\'D\j)^^'^Ej^^ and the canonical commutation relations. 

(3) The last step consists in rewriting the quantum-mechanical expressions in terms 
of Wilson-loop amplitudes. We proceed in the following way. We consider an interpolating 

98 



state (in the Heisenberg representation) that has a non-vanishing overlap with the ground 
state: 

V^"^(xi)0(xi,X2)x];(x2)|vac), (236) 

where may be everything that makes the above state overlap with the ground state 
|0; xi, X2)^°''. We will use here the popular choice ()l()7j) . which assumes that the ground 
state has the S+ quantum numbers. We also define 0(y, x; t = 0) = 0(y, x). Then we have 

V'Hxi)0(xi,X2)xI(x2)|vac) = ^a„(xi,X2)|n;xi,X2)^°\ (237) 

n 

or, without fermion fields, 

(/)(xi,X2)|vac) = ^a„(xi,X2)|n;xi,X2)^°\ (238) 

n 

with ao 7^ 0. At this point, we define the Wilson-loop average (■■•)□ = {■■■Wu)- The 
gauge fields are, in general, localized on the static quark lines of the Wilson loop. Therefore, 
(■ ■ ■)□ is gauge invariant. Inserting the identity operator ^ '^'^^(nl into the Wilson-loop 
averages, from Eq. ()238p it follows that: 



{Wu) = Y.e-^''-'^^K\\ (239) 

n 



n,m,si,...,s„_i 



X e~ ' +^-rn j-g-gH-C-n -^^s^ ]*! . . . gH-fc'a„_ ^ - -C/m jtn (240) 



J2 ^°^(0|F(i)|si)(°) ■ ■ ■ (o)(s„_i|FW|o)(o)e^<^-<)*i ■ . . e^^'-i-^"')*-, (241) 



Sl,...,S„_l 



where Tw/2 > h > t2 > ■ ■ -tn > -Tw/2 and F^") are gluon fields localized on the static 
Wilson loop. All the quantum-mechanical expressions obtained at the end of step (2) may 
be expressed as combinations of 

oo rtn-1 

dh--- dU A' ...t^ iF^'\ti) . . . F^^\U))),, (242) 



'0 JO 

where ((■ ■ ■))c stands for the connected part of 
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2. Matching of the analytic terms: the real pNRQCD potential 



We give here and in the following section, the explicit formulas for the part of the pN- 
RQCD potential that is analytic in 1/m. For the real part, we will give formulas up to 
(and including) order 1/m?, for the imaginary part up to (and including) order The 
formulas are given in four dimensions. Divergences have been regularized, if necessary, in 
DR. We have explicitly used the Gauss-law constraint p97|) . Note that we would need to 
generalize these formulas to d dimensions, if we would like to work in an MS-like scheme and 
consistently use the same scheme used for renormalizing the NRQCD matching coefficients. 

Up to (and including) order the real part of the potential V^/^ may be written as 

in Eq. (jfiHj) and the 1/m? potentials may be decomposed in terms of their momentum and 



spin content as in 



Pineda and Vairo . 



jU3 j) -(fr Hl . The different pieces are given by (|Brambilla et al. 



20011): 



2001b; 



y(0)(r) : 

V^(^'°)(r) 
y(o,i)(^) 



hm — In(iya), 

"OO 

dtt{{gEi{t)-gE,{0))), 







(2,0), 



1 

~2 

\/{i'0)(r 
i 
2 
i 



dtt^{gE\it)gE{iO))), 



L2 



(5^^-3FF) / dtt^{gE\{t)gEi{0))), 



(243) 

(244) 
(245) 
(246) 

(247) 



ic 



(1)2 



2t^(2,0)x 



rft(((7Bi(t)-^7Bi(0))),+ -(Vr%. 



t1 



dh / dh / cits (^2 - hYiigE^it,) ■ gE^{t2)gE^{t^) ■ gE^iO))), 



dh / dt2 ih - t2y{{gE\{h)gEi{t2) ■ gE^{0))), 



+ 



(v;yW) / dtj dt2{h~t2Y{{gE\{t,)gE,{t2)-gE,m, 



dttH{gE\{t)gE{m)c{ViV^'^) 



- I dtt'{{gE\it)gEim)^iVlV^'^)iViV^'^) 







9(1) r 

^fa,cj d'^{{gGl^ix)Gl^ix)GUx))), (248) 
vS'''\r), Vi°'')(r) = Vg^'\r), Vj'^'^^r) = V}''''\r; ^ rm), (249) 
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dtt'{{gE\it)gEi{0))),, 

A«J _ Qf«F f°° 

dtt\{gE\{t)gEi{0))), 



(250) 
(251) 



r-ti 



+ 



pco pt\ pt2 

/ dt^ / dt2 / dh [h - hf{{gE^{h) ■ gE,{t2)gE2{h) ■ gE^mc 
Jo Jo Jo 

dh / dhih - h)mgE\{h)gE2{h) ■ (?E2(0))), 



dt, / dhih - t2y{{gEl{t^)gE,{t2) ■ gE,{0))), 



- - (V;VW) / rfti / dt2{h - t2)H{gE{{t,)gE2it2) ■ gE2{0))), 



+ 



I 
2 
1 
4 
i 
6 



(v;v(°)) / dh dt2{h-t2f{{gE^2iti)g^iit2)-g^im)c 



{((^El(t)^Ei(O))), + {{gE^2it)9^m))c] (V^yW)") 



rftt^(((7Ei(t)^?E^2(0)))c(V^\/W)(VivW), 



- _i(Re/i(i5o) + 3Re/i(35i))5(^Hr), 



vS°V) 


= -lY 








= — 








2cpi Cp 
3 



/-^ Jl) 

^zr ■ dtt{{gB,it) X ^7Ei(0))) + ■ (VrV^) 



(252) 
(253) 

mi), (254) 

rftt(((7Bi(t) X (7E2(0))), (255) 

ms), (256) 

((^/Bi(t) ■ (762(0))) + 2CA(Re/i(iS'o) -Re/i(3^i))5(=')(r), 

(257) 



(1) (2) 



dt 



iigB\{t)gBm)) ' ^^{9^^^^) " 9^2m) 



(258) 



Equations ()245|) . ()249|) . ()254|) and ()256|) follow from invariance under simultaneous charge 
conjugation and mi ^ 1112 exchange. 

Equation ()243|1 is t he well-known formula that gives the static potential in terms of 



Susskind. 



19771 ). In the weak-coupling 



the static Wilson loop (jBrown and Weisberger . 
case, we have seen that this formula gets corrections from US degrees of freedom (in that case, 
US gluons). Here, by assumption, we do not have other US degrees of freedom besides the 
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heavy- quarkonium singlet field and, hence, there are no corrections. Once Goldstone bosons 
are taken into account, their contribution will eventually correct Eq. ()243|) . Concerning 
the power counting, for dimensional reasons, V^^^ would count like |p|. In sec. IVll.Bl we 
have argued, however, that the NR dynamics constrains V^^^ to count like E. The extra 
suppression of order -E/IpI ~ f has to arise on dynamical grounds. In the perturbative case, 
it originates from the factor as ^ v in the potential. In the non-perturbative case little can 
be said and some other mechanism must be responsible. 

Equation (I244D gives the 1/m cor rections to the static potential. They have first been 



calculated in (^Brambilla et al. 



2n01br ). In accordance with the power counting of sec. IVII.B| 



these corrections are of the order Aqq^^/iti ~ in the situation |p| ~ Aqcd- Therefore, they 
may, in principle, be as large as the static potential. In the weak-coupling regime, the first 
non-vanishing contribution to V^^'^^ is of order and gives V^^'^\r) = —CpCACts/i'ir'^), 
which is suppressed by with respect to the static potential. 

Equations ()246|1 . ()247|) . ()250|) and ()251|) are momentum-dependent 1 /m^ potentials. The v 



were first derived in a quantum-mechanical path integral approach in (jBarchielli et al 



mi). 



Equations ()248j) and ()252j) are momentum- and spin -independent potentials. Their 



calculation was first done in ([Pineda and Vaird . l2001[ ). Note that they are necessary to solve 
the ordering ambiguity that plagues the calculation of the momentum-dependent potentials. 
The momentum- and spin-independent 1 / potentials also depend on some of the matching 
coefficients of NRQCD. The last term of Eq. ()248j) comes from the corrections to the 

Yang-Mills Lagrangian of NRQCD. It is somehow different from the other terms since the 
fields are not localized on the Wilson-loop lines. Moreover, it exhibits a fictitious dependence 
on the time at which the operator insertion is made, which disappears in the limit T\y — > oo. 
However, the term is not so peculiar as it may appear if we notice that also V^^^ could be 
written in a similar way: = | / c/^x {{{WW + B'^B") (x))). 

Equation ()255|) gives the spin-orbit, Eq. ()257j) the spin-spin and Eq. ()258|1 the spin- 
tensor potential. T hese potentials were f i rst de rived in the approach that we will 
discuss in sec. IVII.E.4I by (lEichten and Feinbergl llQSlT ) an d re-derived late r by several au 



thors in simi l ar or different approaches, for instance, by (jBarchielli et al 



1984; 



Peskin 



1988; 



Gromes . 



1983^ . All the early deri vations did not in clude the NRQCD matching co- 



efficien ts, which were first include d by (|Chen et al 



19951), see also (jBrambilla and Vairo 



1999br ). (jPineda and Vaird . 120011 ) corrected an error in the formula of the spin-orbit po- 
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tential v/^'c\^ that may be 
1995 



Eichten and Feinberd. 



ound in the original 



1981 



this, see (|Brambilla et aL .20013 1 Pineda and Vairol . I 

In the IpI ~ Aqcd regime, the leading terms contributing to the l/m^ potentials are 
of the order AQQ^y/m. Not all the terms contribute, however, to the same order. Terms 
involving Vrl^*-"^ have an extra 0{v) suppression, coming from the specific counting of V^^\ 
Terms involving matching coefficients of NRQCD also have an expansion in as- Since the 
matching coefficients of the 4-fermion and of the pure Yang-Mills operators of NRQCD 
start at order as, terms involving them are suppressed by a factor Og- In particular, if we 



Gromei 



papers (|Barchielli et all Il988t IChen et al. 



19841) ■ For a d etailed analysis and comments on 



20011) . 



consider the potentials with more terms, V^r^'^^ and Vr'''''' ., only the terms in the first three 
and four lines listed in Eqs. ()248j) and ()252|1 respectively are expected to contribute at LO. 
In the weak-coupling regime, there is an extra suppression coming from the in the 
Wilson-loop amplitudes and the 1 / potentials give the familiar relativistic, fine and 
hyperfine corrections to the perturbative spectrum. 

The Poincare invariance constraints (j86|l become in the present case with different masses: 

' ' " (259) 

(260) 
(261) 



(1,1) 



2r 



0, 



(2,0), 



r) + Vi°-^) 



(r) 



2 



0, 



These are general symmetry relations, independent of the dynamics. However, thanks to 
the expressions for the potentials given above, they now impose specific relations among 
the Wilson-loop amplitudes and the matching coefficients of NRQCD, which can be tested 



independen tly. Taki i ig at tree level the NRQCD matching coefficients. Eg. 



proved by ([Gromes . 



19841 ). and Eqs. 



to proceed is the following (jBrambilla et al 



and (12611) by (|Barchielli et al. 



fOHIHl has been 



19901). A way 



2001a[ ). Consider a chromoelectric or a chro- 



momagnetic field insertion in a static Wilson loop and then apply an infinitesimal Lorentz 
boost with velocity v. The following identities hold: 



(((7B(xi,t)))^°°^*^<^ + (([vx^?E(xi, 
((z(?v.E(xi,t)))-((z(7v-E(xi,t)))^°°^^^^ 



boosted 



((^B(xi,t))) = 0, 



0. 



(262) 
(263) 



Expanding both equations at order v and f ^ respectively, and considering that the difference 
between the boosted and the static Wilson loop corresponds to insertions of chromoelectric 
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fields, we obtain from tlie first equation 



dtt 



{{gB{^^,t) X (7E(xi,0))) - (((?B(xi,t) x gE{^,,0))) +f vW'(r) = 0, (264) 



and from tlie second tlie Eqs. ()260|) and ()26H) . Tliese relations have also been tested on the 
lattice, as we will discuss in sec. 

Finally, we would like to emphasize that the freedom we noticed at the level of NRQCD 
to perform a unitary transformation of the states and energies, Eqs. (|229p and (|23Up . is 
obviously preserved at the level of pNRQCD. The effect of a unitary field redefinition U of 
the singlet field is to transform hg W hs U, where hs is the pNRQCD Hamiltonian. This 
means that no special physical meaning is associated with a single potential term, which 
may be reshuffled into another by means of a suitable unitary transformation. In other 
words, differently from physical observables, which are unambiguous, potentials depend on 
the specific scheme adopted. The potentials listed in Eqs. ()243j) - ()258|l are given in the scheme 



defined by E g. (122811. which fixes to 1 the relati ve phase betweeri 



We refer to (Brambilla et al 



2001br i (see also (|Brambilla et al. 



n; xi , x^) and |n;xi,X2) 



(0) 



2001af l) for more details. 



3. Matching of the analytic terms: the imaginary pNRQCD potential 

Let us consider heavy quarkonia made of a quark and an antiquark of the same fiavor (mi 
= m2 = m). Annihilation processes happen in QCD at the scale of the mass m. Integrating 
them out in the matching from QCD to NRQCD gives rise to imaginary contributions to the 
4-fermion matching coefficients. Under the assumptions that led to Eq. ()216p . they are the 
only source of contribution to the imaginary pNRQCD Hamiltonian, which can be calculated 
in the same way as the real part. In practice, the calculation reduces to picking up from the 
right-hand side of Eq. ()225jl only the contributions that involve 4-fermion operators. 

From the above general considerations, the imaginary part of the potential V^^/™ reads 

The functions ImV"^^^ and ImV"*^^-* encode the information from the dimension six and the 
dimension eight 4-fermion operators of NRQCD, respectively. They will have the following 
structure 

spin j X ^deltaj x {\m.f^ x ^non-perturbative matrix element^ . (266) 
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The first factor, wliicli is one of the projectors (f77j) - (jST|) . accounts for the spin structure. 
The second is a delta function or (for Iml^*^"^^)) consist of derivatives of delta functions. 
This is due to the fact that the 4-fermion operators are local. The third is the imaginary 
part of a 4-fermion matching coefficient of NRQCD. Note that, in general, the potential may 
also depend on some real matching coefficients of NRQCD. Finally, the last term is a matrix 
element that contains all soft gluons integrated out from NRQCD. These matrix elements 
are Wilson amplitudes, like those that appear in the real part of the pNRQCD potentials, 
taken in the r — limit, due to the delta function. In other words, they are non-local 
(in time) correlators of gluonic fields F: (F(^)(ti, O)0(ti, ta) ■ ■ ■ F(")(t„, O)0(t„, ti)). In the 
following we will omit the Wilson lines connecting the fields and the spatial location of 
the fields, which is irrelevant. The correlators that show up at order and are 



encoded in the non-perturbative parameters £i, S3, Bi, Sf'^'' and i^g^'^"^"", where 

A /"OO A /"OO 

^ — / dW {g¥.{t) ■ ^?E(0)), = iv / ^9^) ■ ^B(O)), 



,(2,EM) 



(267) 



and the definitions of and 8. 



,(2,EM) 



found in terambilla et al. 



which involve four chromoelectric fields, can be 



The explicit express i on for Im^^*^^) is equal to Eq. (j75|) . while Im\^*^^^ is given by 



( Brambilla et al 



2002a, 



2008ah : 



+ Y^r5^'\r)V,(^AlmfsCSo)-2S' {im fsC So) - Ira fsC S,))^ £s 
+2TFclS^^\r)(^lmfsCS,) + ^S^{lmfsCSo) -3lmfsCSi))^ Bi 
+ ^5(3)(r)(^4Im/8(iSo) -2 8^ {im fsC So) - Im fsC S^)) ^ £f^ 
-9A5i^){v)[Almh{'So) -2S' {imf.CSo) - Imh^S,)) ^ ^ 
-CaI {V2,5(3)(r)} (^lmf,CSo)+lmfM'So) 

+ ^ {imhCSi) - ImfiCSo) + Im/EM('5i) - Im/EM('5o)) ^ £3 



,{2,t) 
--3 
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-2 Ca 4 5^'^ (r) ( Im h{^S,) + Im /em('5o) 



-— (Im/i(3^i) - 3Im/i(iS'o) + Iiii/emC^i) - Slm/EMl'^o)) ) i3i 



_^5(3)(r)(^4Im/EMr5o) -2 8^ (im /em^^o) - Im /em('^i)) j 4''™^- (268) 

Note that there are more terms in p68|l than in ()76|1 due to the non-perturbative counting. 
Similarly to the real case, the quantities ImV"*^^-*, \m.V''^\ ... are defin ed up to unitary 



transformations. A discussion and an explicit example may be found in (jBrambilla et al. 

2mm- 



4. Matching of the analytic terms: direct matching of Wilson-loop amplitudes 



In the previous sections we have performed the matching to pNRQCD, first, by deriving 
quantum-mechanical expressions, then by translating them into Wilson-loop amplitudes. 
Hence, one may wonder whether it would be possible to directly perform the matching to 
Wilson-loop amplitudes. This is possible and simply consists in applying to the strong- 
coupling regime the Wilson-loop matching used in ch. IIV.FI for the weak-coupling regime. 
The only difference will be that no US corrections will have to be subtracted from the Wilson- 
loop amplitudes in this case. It should be noted that historically the first derivation of some 
of the heavy-quarkonium potential s was done bv direct co r nputation of Wilson-l oop ampli- 

Susskindl . 119771 ). the 



tudes, namely the static po tential (iBrown and Weisbergei 



spin-dependent potentials (lEichten and Feinbere 



dromes. 



19841 ) and the p^p-^'/m^ 



spin-independent potentials (jBarchielli et a/.LIl988[ ). In the following, we will (re-)derive the 
heavy-quarkonium potential up to (and includi ng') order 1/m by direct ly matching Wilson- 



loop amplitudes to pNRQCD Green functions (|Brambilla et al 



2nnibl) 



Let us consider the following Green function of NRQCD: 

Gnrqcd = (vac|xc(x2,TH//2)0(x2,Xi;ri^/2)V^(xi,rH//2) 

x^t(y^^ -TH//2)0(yi, ys; -Tw/2)xl{y2, -Tw / 2)\vb.c) . (269) 

Expanding Gnrqcd order by order in 1/m, Gnrqcd = 4°J.qcd + -GSr°^cd + -GKcd + 
. . . , and integrating out the fermion fields we obtain 



G 



(0) 

NRQCD 



{Wu) (5(=^)(xi-yi)5('Hx2-y2), 
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(270) 



gKcd = 7^ dt (D?(t))n5(=')(xi - yM'\^2 - y2). (271) 



C 

-Twl2 

For simplicity we will not display here and in the following the analogous formulas for 
^NRQCD- From time reversal it follows that (Bi(t))G = — (Bi(— t))n, which eliminates the 
spin-dependent term in Eq. fl271|) . After some algebra it follows that 

gKcd = ^{^V^^(Wn) + ^(IVn)V^^ +Th.(0,(Th./2) • 0,(-TH./2))n 



+ig dt{^-t\ {Oj{Tw/2)-Y.{t))u-ig dt{^ + t\ (E(t)-0,(-TH//2))n 
+^ / dt dt'|t-t'|(E(t)-E(t'))n|5('nxi-yi)5('nx2-y2), (272) 



wh ere the explicit form of 



in ( Brambilla et al 



;he operators Oj and O j does not matter here and may be found 



2nnibl) 



As discussed in the previous section, the state '?/''''(xi)0(xi, X2)xJ(x2)|vac) has a non- 
vanishing overlap with the NRQCD ground state |0;xi,X2): 

X2, -iVxi, -iVxJ^^^Hxi - yi)S^^\^2 - y2) = (vac|xc(x2)0(x2, xi)V^(xi)|0; yi, y2). 

(273) 

Since we are only interested in the analytic terms in 1/m here, also the normalization factor 
Z may be expanded in 1/m: 

Z(xi,X2,-*Vx„,-2VxJ = Z'^'\r) +(— + —] Z«(r) 

\mi 1712/ 

(^r)r-( - ZIZj^) + . . . . (274) 
V mi m2 / 

The NRQCD ground state is the degree of freedom that we identify with the singlet field of 
pNRQCD. Therefore, the Green function in pNRQCD that matches Gnrqcd is: 

CpNRQCD = (vac|Z^/^(xi,X2, -iVxi, -iVx2)5'(Xi,X2,Tvi//2) 

x5t(yi, y2, -Tw/2)Z^'/\yu y^, -zVy„ -2Vy,)|vac) 
= Z'/^ e-*^-'^^ ZtV25(3)(x, - yi)5(3)(x2 - y2). (275) 

Matching Eq. (j275|l with Eq. p69|l we obtain at C»(l/m°): 

V-(o) = liin -^\n{Wa), (276) 
lnZ(°) = lim {\n{Wa) + iV^^'^Tw). (277) 
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lim 




Tw — *CxD 






'Tw/2 

dt 







Equation ()276p coincides with Eq. ()243|) and is equivalent (up to US corrections) to the 
weak-couphng result of sec. IIV.F.2I Matching at C(l/m) we obtain 

^ _ n \ {Of{Tw/2) ■ E(t))n _ A (E(t) ■ 0,(-TH./2))n ) 

1 {Of{Tw/2)0,{-Tw/2))u /^-/^ ^"^^1/ . Am-W))u \ 

"2 0^^^^ 4TV I.w ' I.w ' " - ' ' {Wu) ) • ^'''^ 

From Eq. ()278|) we cannot disentangle V^^'^^ from Z^^'^K This reflects, in the framework of the 
Wilson-loop matching, the freedom to perform unitary field redefinitions on the pNRQCD 
Lagrangian. Indeed, the Green function ()275j) does not uniquely define hs, but only up to 
a unitary transformation of Z and hg. Note that Eq. ()273|) allows one to calculate Z*-^'^^ 
only after a prescription that fixes |0; Xi, X2), which is defined up to a transformation ()229p . 
has been given. A possible choice of Z^^'^^ is the one that fixes V^^'^^ to the value found 
in Eq. p44|l . Here this choice appears arbitrary and no obvious criteria to prefer it with 
respect to others seem to be at hand. Naturally, the same result would follow by calculating 
^■(I'P) from Eq. ()273j) with the "quantum-mechanical" prescription ()228|1 . 

In the same way we could perform the matching at order In that case, the Wilson 

amplitude to match would be the sum of all amplitudes made by an insertion of a or 
of two 1/m NRQCD operators. In order to fix the ambiguity between Z and hg at order 
we would have to give some prescription for the terms in Z. Again we have no 

obvious criteria to guide us in the choice. However, with a suitable prescription we would 
reproduce the potentials ()24fi|) - ()258j) . 

In concluding this section, we remark that there appear to be some advantages in using the 
quantum-mechanical matching rather than the direct matching of Wilson-loop amplitudes. 
The first one is that it provides a natural and physical prescription for calculating the 
potentials and the normalization factors. This prescription works for all orders in the 1/m 
expansion. It is physical because the potentials come out independent of the initial and 
final interpolating fields, while all that dependence is encoded in the normalization factor. 
Moreover, the power counting is preserved. The second one is that the quantum-mechanical 
expressions come out manifestly finite in the large-time limit. This is not obvious for an 
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expression like Eq. ()278p . which contains several divergent pieces that eventually cancel 
each other. Finally, we mention that the calculation of V^^^ using the direct matching of 
Wilson-loop amplitudes has not been addressed yet. 



5. Matching of the non-analytic terms 



In this section, we will calculate V^^^, which is the part of the potential that is non- 
analytic in 1/m. We will consider real and imaginary contributions at the same time and, 
therefore, restrict ourself to the case mi = 1712 = m. In sec. IVII.D| we have shown that 
yi/^ arises from quark- ant iquark pairs of relative three-momentum of order Aqcd- 
This momentum region shows up in loops where gluons of energy Aqcd are involved (see 



Fig. [in)). In the situation p ~ Aqcd, the scale Aqcd is the largest after m and, therefore, 
the first to be integrated out fr om NRQCD. 



Following the procedure of (jBrambilla et all 120041 ). it is convenient to go through the 
following three steps: 



(1) The first step is to make explicit at the level of NRQCD the existence of different 
degrees of freedom by splitting the quark (antiquark) field into two: a semi-hard field for 
the (three-momentum) fluctuations of (9(A/m Aqcd), 'ipsh iXsh), and a potential field for the 
(three-momentum) fluctuations of 0{p), ipp (Xp)- 

ijj = iljp + t/j.f,, X = Xp + Xsh- (279) 

The NRQCD Lagrangian then reads 

-^NRQCD = -^NRQCD + -^NRQCD + -^mixing + Lg + Li, (280) 

where the Lagrangians -^^^rqcd -^nrqcd identical to the NRQCD Lagrangian 
expressed in terms of semi-hard and potential fields respectively, the quantities Lg and L; 
are the NRQCD Lagrangians for gluons and light quarks respectively, and ^mixing contains 
the mixing terms. 



(2) The second step is to integrate out gluons and quarks of energy or three momentum of 
C(^mAQCD)- This leads to the EFT NRQCD': 

-^^NRQCD -^^NRQCD' = -^pNRQCD' + -^NRQCD + -^mixing + "^mixing 
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+ReL!^Ling + --- + ^. + ^/- (281) 



Let us discuss the different terms. 



(2.1) -Z^pNRQCD' comes from integrating out gluons and quarks of energy or three 
momentum of 0(A/r?7, Aqcd) from Lf^^iQCD- The scale y^mAgcD ^ Aqcd is perturbative 
and, therefore, we can use weak-couphng techniques. If we further project onto the 
quark- ant iquark sector, the Lagrangian -^^pnrqcd' ^i^^ formally coincide with Eq. (jHOI). 
The multipole-expanded gluons in -Z^pnrqcd' have (four) momentum much smaller than 
^mAqcD- 

(2.2) In order to simplify the calculation of ^mixing, we will assume 

y/mA^^ > mas(v^mA^^) , (282) 

which implies that, whenever a momentum of order Aqcd flows into a Coulomb po- 
tential (note that at the scale Aqcd the potential is perturbative), the potential can 
be expanded about the kinetic energy. If this is not the case, then a Coulomb resumma- 
tion is needed. Here we will avoid the technical complications connected with this case. 
However, there may be situations where this cannot be avoided. For instance, this may 
be the case for the T system, if the following attribution of scales holds for the T(IS'): 
Pr{is) ~ mbas{pr{is)) and Aqcd ~ mba^{pr{is)), where pr{is) is the typical momen- 
tum transfer of the T(IS') and rrib the bottom quark mass. In this case one would have 
A/mftAQCD ~ Pt{i5) ~ mb (ys{\/rniji^) instead of Eq. 




FIG. 17 The Coulomb-exchange graph contributing to the leading mixing interaction between semi- 
hard and potential fields. 
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The leading-order contribution to the real part of ^mixing comes from the one-Coulomb- 
exchange graph of Fig. El 

Renting = - / / c?'rTr{jt(R)FW(r)S,,(R,r)}+H.c. 

- J d^R J d=^rTr{jt(R)yW(r)0,/,(R,r)} + H.c. , (283) 
jt(R) = xpimlm, (284) 

where Ssh and Osh are semi-hard singlet and octet quark-antiquark fields respectively. The 
potentials Vj^^ and V}^^ are perturbative: vj^^ = —Cpots/r and V^*'"'' = 1/ {2Nc) Us/r. The 



coupling constant is calculated at the semi-hard scale a/"^ Aqcd- 

The leading contribution to the imaginary part of -^mixing may be read off from the 
imaginary part of the pNRQCD Lagrangian at order in the weak-coupling regime: 



Im4°Lg = - j SR I rf='rTr|sl,(R,0)^5(=^)(r)J(R)| + H.c. 

- jd^R j rfVTr|o;^(R,0)^5(3)(r) J(R)|+H.c. 



(285) 



where 



Ks = -^(^Umf,CSo)-2S'{lmf,CSo)-lmf,eS,)) 

+4Im/EM('5o) - 2 8^ (imhuCSo) - Imhui'Si)) ^ , (286) 
Ko = -^(^AlmfsCSo)-2S'{lmfsCSo)-lmfs('S,))y (287) 
The NLO term of the real part of ^mixing in the p/ ^/m Aqcd expansion is given by 
ReLj^Lng = -/ d'R j d=^rTr{jt(R).r\/i°)(r)S,,(R,r)} + H.c. 

~ J d^R y"d3rTr{jt(R) ■rl^j°)(r)0,ft(R,r)} +H.C. , (288) 
<— > 

jt(R) ^ x^(R)^^l{R)^ (289) 

which can be obtained by expanding the Coulomb potential of Fig. El in p/p'- In a similar 
way higher-order terms may be obtained. Note that, as expected, the potential fields always 
appear as local currents in Lmixing- 

(3) The final step consists of integrating out degrees of freedom of C(Aqcd)- This leads to 
the pNRQCD Lagrangian ()216p . How to calculate the analytic part of the potential, V^^^, 
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has been discussed in sees. IVII.E.ll IVII.E.2I and IVII.E.3I For the exphcit computation of 
y^l^^ we refer to |Brambilla el aA\imk\ . The results for Rel^^/^(r) and \^V^I^\r) 
turn out to be: 

^.V^l^ir) = i^C, + C^r^^^na!Sf/, (290) 

ImyVv^(r) = {2C, + C^)^^^K,a.£i/, (291) 

where, in order to avoid the phase ambiguity in the definition of the fractional power of a 
complex number, we have written the chromoelectric correlator of Eq. ()2(i7|l in Euclidean 
space 

1 r°° 

^n^wJo dTT-{gE{t).gE{0))E. (292) 
In accordance with the power counting of sec. IVII.Bl Eq. ()290p gives a contribution of order 
/rn? X mas/ a/?^ Aqcd x and Eq. ()29H) gives one of order /w? x mas/ a/w^ Aqcd x 
Aqcd/?^- Therefore, the correction ()290|1 is suppressed with respect to the largest 1/m^ 
potentials calculated in sec. IVII.E.2I The correction (j29H) is suppressed with respect to the 
imaginary part of the 1/m^ potential, given in Eq. (ffH|) . However, the relative size of it with 
respect to the imaginary part of the 1/m^ potential, given in Eq. ()268p . depends on the size 



of as{\J m Kqq-q) about which no definite statement can be made at this point. 



F. Matching for |p| > Aqcd > E 

Although it is not clear whether quarkonia states fulfilling |p| ^ Aqcd ^ E exist in 
nature, this situation is worth investigating. The reason is that the calculation in the 
IpI ^ Aqcd ^ E case can be divided into two steps, the first of which can be carried out by 
a perturbative calculation in as- The second step, even if it is non-perturbative in as-, admits 
a diagrammatic representation, which makes the calculation somewhat more intuitive. 



1. pNRQCiy 

We shall call pNRQCD' the EFT for energies below |p|. Since |p| ^ Aqcd, integrating 
out the energy scale |p|, namely the matching between NRQCD and pNRQCD', can be 
carried out perturbatively in Og. The resulting EFT Lagrangian entirely coincides with 
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the pNRQCD one in the weak-couphng couphng regime, which at lower orders has been 
displayed in Eqs. (jUnj) and (f?^ . Here we will need some higher-order terms in the multipole 
expansion (at tree level): 

^-CpNRQCD' = -Tr {OhV gB'E^ O - O'^OrV^' ^D^E^) + ^Tr {O^rVr'' ^D^D^E^ S + H.c.} 
+ ^Tt{0\(Ti -cT2)-gBS + H.c.} , (293) 

where the traces are in color space only. S and O are chosen to transform as a 1/2® 1/2 
representation in spin space (hence cr^ — cr2 = cti I2 — li ® (T2). 



2. Matching pNRQCD to pMRQCL/ 

The matching of pNRQCD' to pNRQCD can no longer be done perturbatively in as, but 
it can, indeed, be done perturbatively in the following ratios of scales: Aqcd/|p| (multipole 
expansion), Aqcd/""^ and E/Aqcb- Therefore, the basic skeleton of the calculation consists 
of an expansion in x = (Aqcd/|p|)^ and y = (Aqcd/"^)^- This suggests writing the pNRQCD 
Hamiltonian as: 

h = hs + K + h^2 + hy + ... . (294) 
The interpolating fields of pNRQCD' and pNRQCD will be related by: 

5'lpNRQCD' = ^'aS'lpNRQCD = (1 + -^x + 2^2 + Zy + ...)'^ 5'|pNRQCD • (295) 

The matching calculation reads: 

f dte-'^' I rf3R(vac|T{5(x,R,t)5(x',0,0)}|vac)|pNRQCD' 

J — OO J 

= I dte-'^' I rf^RZ^(vac|T{5(x,R,^)5(x',0,0)}|vac)|pNRQCD^^^ (296) 

J —oo J 

The right-hand side of the matching calculation has the following structure: 
1 1 11/ 1 

h — T-i.hx + + hy)— — + - [ Zx + Z.j,2 + Zy 



E-h, E-hs' "E-h, 2\ " " AjE-h 

1 1 /„ „ „ ziV (z,.\ 1 (z,y^ 



+ i:\Zx^ Zx2 + Zy — + 



E-K2\ " " 4/ \ 2 E - \ 2 



t 



+ ^ \ hx , hx ^ + ( — ) — ^— /i^— ^ + —^-—hx--^-^ (— ] .(297) 
E -h, E -h. E -K \ 2 E-h. E-h. E - K E - hA 2 ^ ' 
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Hence, once we have made sure that, up to contact terms, the left-hand side of Eq. 
has exactly the same structure, we can easily identify the contributions to the pNRQCD 
Hamiltonian from the second term of the expression (|297|) . 

Let us illustrate how the calculation of the left-hand side of Eq. (I296|) proceeds by con- 
centrating on the following contribution: 

1 



E-K 



(298) 



One might naively think that the fact that i^/AqcD is small can be implemented by 



expan ding the exponential {t takes the typical value of 1/Aqcd) (IBrambilla et al 



2002a, 



2003a|). However this is not entirely correct. Whereas it is true that ho-, between the heavy 
quarkonium states we are considering, has the size E, it may experience fluctuations of 
a larger size, for instance ~ Aqcd, since the cut-off of the relative three momentum is 
only constrained to be smaller than m, and hence it may well reach values ~ a/^tiAqcd- 
Nevertheless, the energy E can indeed always be expanded, which guarantees that we will 
eventually get usual, energy- independent, potentials. If ho could not be expanded, we 
would obtain potentials which are non-trivial functions of m, Aqcd and r. Fortunately, 
we can do much better by exploiting the fact that the momenta, which prevent us from 



expanding, fulfill |p| ~ a/"^ Aqcd 3> Aqcd- We shall proceed as follows. We split the 



relative momentum in two regions. The first region fulfills |p| ^ Aqcd and hence 
ho can be expanded and the second region contains the momentum fluctuations ~ y/m Aqcd- 



(1) The matching in the region |p| ^ ^Jm Kqqd. 



(1.1) The real part of the potential. 

At LO in the expansion, the exponential in Eq. ()298|) reduces to 1 and we obtain the leading 
non-perturbative correction to the Coulomb potential: 

,2 ^2 



2 A poo 

5V, = -^^T/- rft(E'^(t)0(t,O):^^E^(O)). 



(299) 



This expression was first derived in (jBalitskv 



19851 ). Higher orders in the E/Aqqd 



expansion can be easily calculated. They induce contributions to potentials which are 
higher order in 1/m as well as further contribu tions to the static potential. Some of these 



have been calculated in ( Brambilla et al 



20001) . 
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(1.2) The imaginary part of the potentiaL 

Since the imaginary parts, which are inherited from NRQCD, are contained in local (^^'^•'(r), 
V5(3)(r)V, etc.) terms in the pNRQCD' La grangian, they tend to vanish when being 
multiplied by the r's arising from the multipole expansion. Hence, for an imaginary part to 
contribute, it is necessary to have a sufficient number of derivatives (usually arising from the 
-E/Aqcd expansion) in order to cancel all the r's. Since derivatives are always accompanied 
by powers of 1/m, it implies that at a given order in 1/m, only a finite number of terms 
in the multipole expansion contributes. We are only interested in collecting the imaginary 
parts that contribute up to order in order to provide an independent calculation to 

support the results of sec. I VII. El Consider again the contribution of Eq. ()298j) . The first 
imaginary terms arise at C(E/Aqcd) from the 0{l/m^) parts of the singlet and octet 
potentials displayed in Eq. (f7B|) : 



4 



X dtt{gE{t)-gE{0))^-^, (300) 

where Tgj are defined in Eqs. (f77j) -(|S m) and = The calculation ma y be systemat- 

ically extended to higher orders. Details are given in (IBrambilla et a/.l ■ l2003a^ . Here we just 
point out two subtleties. First, ill-defined expressions arise in the calculation, from products 
of distributions (both products of two delta functions and products of delta functions with 
non-local potentials, which diverge as r ^ 0). It is most convenient t o use PR in this 



case, w hich sets all these terms to zero. This is shown in Appendix D of (jBrambilla et al. 



2003a|), where the relation to other regularization schemes is also discussed. Second there is 



a freedom in organizing the calculation, which may lead to different forms of the potentials. 
Let us consider, as an example, the term 

^ y{E-KYv—^. (301) 



E-hs " E-h^ 
If we decide to take one power {E — hg) to the right and one to the left we have 

which does not produce any imaginary part. However, an equally acceptable expression is 
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which does produce an imaginary part. The apparent paradox only reflects the fact 
that expression poip by itself (as well as others that one may flnd in the calculation) 
does not determine uniquely its contribution to the potential. It leads to contact terms, 
wave-function normalization and potential, as is apparent in (j3(J2|) and (j3U3|) . but depending 
on how we decide to organize the calculation, the terms associated with each of these pieces 
change. For instance, when matched to ()297|) . ()302|) gives = [hs,r][r, hg], = r[r,hs], 
whereas ()303|) gives hr^ = |{[[r, hg], hg], r}, = |[r, [r, hg]] . This should not be a surprise. 
It corresponds to the freedom of making unitary transformations in a quantum-mechanical 
Hamiltonian already discussed in the previous sections, and does not affect any physical 
observables. In order to flx the contribution to the pot ential of any term once and forever. 



we use the prescription described in detail in sec. V of fjBrambilla et al 



2003a|). With this 



prescription, 1)3011) gives rise to the potential obtained in fl302p and hence to no imaginary 
part. Eventually, combining all the contributions, we obtain for the imaginary part of 
the pNRQCD potential in the situation p ^ Aqcd ^ E the same result, up to a unitary 
transformation, as obtained in sec. IVII.EI for the situation p ~ Aqcd and exphcitly listed 
i n Eqs. (17511 and (12681) . The explicit form of the unitary transformation can be found in 
(jBrambilla et allhoO^^h . 



(2) The matching in the region |p| ~ y^mAgcD- 

The contributions due to heavy quarks of three momentum of order Aqcd may be 
calculated in a way very similar to sec. IVII.E.5| the main difference is that now potential 
and semi-hard degrees of freedom need not be separated at the level of NRQCD, but of 
pNRQCD'. 

(2.1) The flrst step consists in rewriting the pNRQCD' Lagrangian in terms of semi- 
hard flelds Ssh and O^f^ associated with three- momentum fluctuations of O (a/tti Aqcd) 
and potential fields Sp and Op associated with three-momentum fluctuations of 0{p): 

S = Sp + Ssh, 0^ = 0; + 01^. (304) 

The pNRQCD' Lagrangian then reads 

LpNRQCD' = Lp%j^QQjj, + Lp^^Q^j^, + I/mixing + Lg + Li, (305) 
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where L^^mrqcd' ^pNrqcd' identical to the pNRQCD' Lagrangian in the heavy- 
quarkonium bihnear sector except for the changes S, 0°^, Vs, Vo — > Ssh-, ysh.sh^ ysh.sh 
and S, O", K, Vo — > Sy, O^, VT''^, V'J''^, respectively. Lg and Li are the parts of the 
pNRQCD' Lagrangian that contain only gluons and light quarks respectively, and ^mixing 
contains the mixing terms. We recall that the gluons left dynamical have energies of 
C^(Aqcd) and that analytic terms in r do not mix semi-hard and potential fields. Therefore, 



the multipole expansion in ()293p is an expansion in either the scale r ~ l/y^mAgcD in 
Lp%RQCD' or the scale r ~ 1/p in L^^rqcd'- 

(2.2) The second step consists in integrating out gluons and quarks of energy and 
three momentum of O {^Jm Aqcd) • We will assume, as in Eq. fl282|l and for the same 



reasons as discussed there, that ^/m Aqcd ^ mas(A/"^ Aqcd)- As an example, we consider 
the real part of the singlet-mixing term due to the static Coulomb potential. The matching 
works exactly as in paragraph (2.2) of sec. IVII. E.Bl and leads to 



Re -^vjnixing 





1 (fK j 


Singlet 





r 5T(R, r) V^^^v) 5,,(R, r) + H.c. (306) 

^- jd^R j dh [SliR, 0) + r ■ Vr5;(R, 0) + ■ ■ ■) Vj'^^r) Ssh{R, r) + H.c. . 

At the order of interest, we have vj^^ = —Cpds/r and = «s (a/^ Aqcd) • Analogous 
results hold for the real part of the octet-mixing term due to the static Coulomb potential. 
The leading contribution to the imaginary part of -^mixing is given by 



ImL™g = - j d^'R j d'rTi |s;^(R, 0) ^^(^^(r) Sp(R,0) + H.c. 

-jd'R j dhTi |o;^(R,0)^<5(=^)(r)Op(R,0) + H.c.|, (307) 



where and Ko have been defined in Eq. ()286p and ()287|) . respectively. 

(2.3) The final step consists in integrating out from pNRQCD' all fluctuations that 
appear at the energy scale Aqcd- These are light quarks and gluons of energy or three 
momentum of order Aqcd, and singlet and octet fields of energy of order Aqcd or three 
momentum of order ^/m Aqcd- We will then be left with pNRQCD. The part V^^"^ of the 
potential (see Eq. (j220p ) has been calculated in paragraph (1) of this section. The part 
\/i/v^ Qf ^]2g potential develops a real and an imaginary part. They turn out to be equal 
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to Eq. ()290p and ()291|) respectively, i.e. t o the results obtained in the kinematical situation 
p ~ Aqcd- We refer to (|Brambilla et all \2004} for a detailed diagrammatical calculation. 



In summary, we have presented in this section a derivation of the pNRQCD poten- 
tial (real and imaginary) in a kinematical situation and with a technical procedure that are 
quite different from the ones of sec. I VI I. El The agreement of the results (up to unitary 
transformations) in the case when the potentials are local (non-analytic and imaginary 
terms) is reassuring and confirms in an explicit calculation what is expected in sec. IVII.DI 
on general grounds. Despite this, it should be noted that the matching coefficients of the 
terms in the multipole expansion in pNRQCD' (|293|) were only calculated at tree level here, 
whereas the expressions in sec. I VII. El correspond to an all-order result. This indicates that 
there must be a symmetry protecting these terms ag ainst higher-loop correc tions^'^. This 



symmetry does not appear to be Poincare invariance (jBrambilla et al 



G. Potentials and spectra: lattice and models 

The heavy-quarkonium spectrum is obtained by solving the Schrodinger equation for the 
pNRQCD Hamiltonian hs'. 

hs (pnjM = Enjls 0„j7s(r)- (308) 

Since is known from Eqs. (IM?|) - (PKH|) . (f7S|). (PHj) and dHH), the Schrodinger 

equation ()308|) is completely defined in terms of QCD quantities. 
At LO, Eq. becomes: 

= + £^ + y^o) Csi-) = ct>^SM. (309) 

What Vlo is depends on the power counting. We have argued in sec JVII.lOl that in the 
situation p ~ Aqcd and in the most conservative power counting, we could have Vlo = 
\/(o) _|_ On the other hand, if p ^ Aqcd, "we have Vlo = V^'^\ In both cases, at this 

order the potential is spin independent [E^jig = E^^) and, therefore, the leading-order S- 
and P-wavefunctions read 

As(r) = i?S(r)^l^)spin and 0i°\,(r) = i?S^(r) (f (310) 



47r 



For the LO term, the non-renormahzation was verified at one loop in l|Pineda and Sotolboooj) . 
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where |s)spin denotes the normahzed spin component, |f) the normahzed eigenstate of the 
position and \js) the J (total angular momentum) and S eigenstate such that (f|jO) = 
l^™'(f)|0)spin (j = I = 1) and (f|jl) = yj^{r). The label m denotes the third component 
of the angular momentum. 

At NLO, the potentials calculated in sec. IVll.E.2l have to be considered, except for 
those that may have some extra suppression. Also the contribution to the spectrum that 
comes from the V^^^ potential given in Eq. ()290|) turns out to be suppressed. Indeed, we 
have {m^^'^ is the reduced mass) 



SE'Jy^ ={2C, + Ca?—^, al 8f,, ylS^^^o, (311) 



which is of order |p|'^/m^ x mag/ Aqcd x Q^s, i-e. suppressed with respect to the con- 
tribution coming from the 1/m? potentials of Eqs. ()243j) - ()258|l . which, in the conservative 
counting is of order "p^ jrr? . 

We would like to emphasize that, in order to be consistent with the power counting, 
sub-leading terms in the expansion of the kinetic energy and the potential should be treated 
as perturbations when solving Eq. ()309|) . This differs from the common practice in potential 
models. In an EFT framework, the calculation of the spectrum is not plagued by the 
inconsistencies emerging in higher-order calculations in potential models. It is, for instance, 
known that at second order in quantum-mechanical perturbation theory the spin- dependent 
terms result in a contribution that is ill-defined. Regulating it requires the introduction of a 
cut-off (or DR). A large cut-off gives rise to a linear and to a logarithmic divergence. These 
divergeri c es ca n be renormalized by redefining the coupling constant of a delta potential 



(jLepagf . 



19971 ). On the other hand, when one matches QCD to NRQCD, one expands 
in the energy and the three momentum. In general, this induces IR divergences in the 
matching coefficients and, in particular, in the calculation of a matching coefficient of a four 
fermion operator at two loops, which leads to the delta potential mentioned above. If one 
uses a consistent regularization scheme both for the QCD-NRQCD matching calculation 
and the quantum-mechanical calculation in pNRQCD, the divergences exactly cancel and 
eventuallv a tota l lv cons istent scale independent result is obtained (for a QED example see 

— — irnrt 

( Czarnecki et alX . Il999al )b[)). Notice that an EFT framework is crucial for understanding 
this second-order calculation and for making the result meaningful. 

For a determination of the spectrum at order /rn? in the conservative counting, one 
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needs to consider, besides the static and the 1/m potential, the (9(l/m^) potentials given in 
Eq. ()63|) . of which for Vr"^'^^ and v}^'^^ only the terms in the first four lines of Eqs. ()248p and 
(I252j) need to be considered. How can one get the explicit form of these potentials? The EFT 
provides the expressions for such potentials in terms of Wilson-loop amplitudes typically 
involving chromoelectric and chromomagnetic field insertions. In the case of the imaginary 
parts, they reduce to chromoelectric and chromomagnetic correlators. These are low-energy 
objects that do not depend on the quarkonium state, involve only integrations over gluon 
fields and light quarks, are gauge invariant and perfectly suited for lattice calculations. We 
emphasize that the EFT approach greatly reduces the lattice effort necessary to produce 
heavy quarkonium spectra and decay widths. This is for two reasons. The first reason is 
that the objects to be calculated on the lattice involve only integrations over low energy 
gluons and light quarks. The second is that one does not need to repeat a lattice evaluation 
for each quarkonium state (with the problems related to the mass extraction of the excited 
states) but only to extract the form of all the potentials with one simulation. These, once 
inserted in the Schrodinger equation will produce the spectrum. One should check a 

posteriori which states in the obtained spectrum fulfill the hypothesis of the strong-coupling 
regime. The ones that do will be the ones for which the calculation is reliable. 

1. Potentials and spectrum from the lattice 

If DR is used in the continuum, the Wilson-loop amplitudes involved in the static and 
1/m potentials can be renormalized by the counterterms of light degrees of freedom only, 
and hence they do not display a factorization scale dependence. For the and higher 

potentials, counterterms involving local potentials are also necessary, and the Wilson-loop 
amplitudes depend on the factorization scale. In a physical observable, this scale dependence, 
together with the one induced by the quantum-mechanical perturbation theory, will cancel 
against the scale dependence of the NRQCD matching coefficients. In the strong-coupling 
regime, there are no US divergences, at least when the US degrees of freedom (pseudo- 
Goldstone bosons) are neglected. 

In a lattice regularization scheme, the situation is more complicated for several reasons. 
The Wilson-loop amplitudes contain additive 1/a dependent self-energy contributions (a 
being the lattice spacing), even in the static case. This dependence on 1/a is canceled 
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by the quark-mass shift and is removed by a suitable renormahzation condition (see the 
discussion on the static potential in ch. I VII and below). Moreover, large terms are generated 
having their origin in self-interactions within the plaquette as well as between plaquette and 
static propagator (to higher orders). These affect all the Wilson-loop amplitudes. They 
would be canceled by NRQCD matching coefficients calculated in a lattice regularization. 
Without those the scale dependence can be dramatic and several ad hoc lattice recipes have 
been applied to get rid of it, without actually calculating the matching coefficients, which 
would be the definite cure. In addition, the Wilson-loop amplitudes will generate a and 
r dependent terms, which are specific to the lattice. On top of this, Lorentz invariance 
is broken on the lattice. Thus, order a corrections to coefficients otherwise protected by 
Lorentz invariance may appear. 

All these issues are related to the lattice regularization and renormahzation. A proper 
treatment would require the calculation of both the NRQCD matching coefficients and the 
Wilson-loop amplitudes in a proper lattice regularization and renormahzation scheme. Also 
the Schrodinger equation would need to be solved in the same scheme, due to the quantum- 
mechanical divergences. The NRQCD matching coefficients are known at different accuracy 
in the continuum and in DR, see sec. III. Dl but up to now no calc ulation of the coefficients her e 
relevant exists within a lattice scheme, apart from the one in (jTrottier and Lepagd. Il998^ . 



Another strategy would be to use a non-perturbative renormahzation (jMartinelli et al. 



119971 ) on both parts in lattice regularization. Alternatively, if the available MS NRQCD 
matching coefficients are to be used, one should change the Wilson-loop amplitudes from the 
lattice renormahzation scheme to MS. This ca n be done in lattice p erturbation theory since 
the cut-off of these divergences is close to m (|Bodwin et ali 120021 ). Then, the divergences 
arising in the quantum-mechanical perturbation theory should also be MS renormalized. 
A proper lattice treatment of pNRQCD has not been implemented so far. NRQCD 



matching coefficients were n ever considered in the 



the exception of the work of (jBah 



2m 



attice calculation of the potentials with 



19971 ) where an estimate of the NRQCD 



matching coefficients was used. Therefore, this work may be considered the closest, up to 
now, to a lattice treatment of pNRQCD. We will mainly refer to it in the following. 

The static potential is given only in terms of the static Wilson loop ()243|) and it has been 



one o f the first objects to be evaluated on the lattice in relation to qua rk confinement (IWilsor 



1974f ). Today the static potential is known with great accuracy (jBali . 



mi 
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997: Liischer anc 



( Bali et al. 



2nnn[ 



Bolder et 



al 



Weisa. 120021 : iNecco and Sommeii . 120021 1 . even in the unquenched case 



20011). In F ig. |1[ the curve labeled S+ displays the static 



potential data obtained in (IBali et all 120001 ) in units of tq ~ 0.5 fm. The squares refer to 
a quenched simulation aX (3 = 6.2 and the diamonds to unquenched simulations at /3 = 5.6 
with two mass-degenerate quark flavors. The value of the mass parameter is k = 0.1575. 



the bottomonium spectrum ([Bali . 



Bah, 


2001: 


Bali et al. 


1997) 



19971 ). This procedure may potentially 



introduce large uncertainties if the set of potentials at our disposal is not complete, if the 
power counting not consistent or if, as is usually done, lower and higher bottomonium states 
are fitted with the same confining potentials. However, such a determination seems to be 
numerically in agreement with others obtained from the mT^/rrip ratio. The continuous curve 
in Fig. 0] represents the Cornell parametrisation V^^\r) = —e/r + ar with e ~ 0.368 and 
a ^ (445 MeV)^. An additive self-energy contribution, associated with the static sources and 
diverging in the continuum limit, has been removed by normalising the data to V{rQ) = 0. 
This corresponds to the elimination of the static potential renormalon described in ch. |^ 
As shown in ch. IVlf QCD perturbatio n theory perfec tly agrees with the lattice data up to 
about 0.25 fm (actually the analysis of (jPinedal . l2003bf ) shows agreement up to 0.4 fm), while 
from about 0.5 fm on the data is described very well by an effective string theory at NLO 



(Liischer and Weisz 



20021 ). However, this seems to be specific of the ground-state energy : 
the e nergv spectrum is still far from being string-like at suc h distances ([Liischer and Weisz , 



20041 ). This is more apparent for the excited-state energies (IBaker and Steinkd . 120011 ). 

a) , r ' ' ' ' ^ b) 



> 





0.3 0.4 
r/fm 



FIG. 18 a) The spin-orbit potential —V[ with the fit a -\- h/r'^ and b) the potential Vd together with 
the curve —a/9r. The lattice simulation s are quenched. The fitting parameters are a ~ (468 MeV)"^ 



and h ~ 0.067. From t 'Bali et al 



199' 
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For what concerns the potential at order 1/m, given in Eqs. ()244|) and ()245p . no 
lattice evaluation is available yet. The spin-dependent l/w? poten t ials instead h ave a 



quite long record of calcu 



Huntlev and Michael 



1987 



ations (IBali et al. 



Michael, 



1997 



Born et al 



1994 : 



Campostrini . 



1985 



19861 ). In the absence of a proper implementation of 



the NRQCD matching coefficients, the traditional way used to obtain lattice spacing and 



scale independent resu . 



( Huntlev and Michael . 



ts fo r the spin-dependent Wilson loop potentials was proposed by 
19871) and is based on the substitu tions {{FF)) {{FF))/{FF), be- 



ing F the gluon field strength. The notations used by (jBalil 120011 1 for the spin-dependent and 
momentum-dependent Wilson loop potentials differ from what we presented in sec. IVII.E.2I 
The objects that were evaluated on the lattice are V({r) (equal to — r times the first term 
on the right-hand side of Eq. (j253|) with cp = 1), and V^'(r) (equal to — r times the right- 
hand side of Eq. ()255|) with cp = 1), for the spin-orbit, Vs{r) (equal to the first term 
on the right-hand side of Eq. ()257|) with cp = 1) for the spin-spin and V4(r) (equal to 
the right-hand side of Eq. ()258|) with cp = 1) for the tensor potential. All the lattice 
determinations of the spin-dependent potentials use the correct expression for the spin- 
orbit potential (see comments in sec. IVII.E.2|1 . An example is shown in Fig. ITHk . For the 
momentum-dependent part, the objects evaluated on the lattice are Vb = —2/3 vSl'^^ — V^2'^\ 



T/(l,l) T/ 



V^t'^^ +2/3 ^^2'°'* cind Ve = V^i'^' . An example is shown in Fig. ITHb . 
The spin- independent and momentum-independent potentials at order 1/m^ have not yet 
been calculated. 

The Poincare invariance constraints (j259j) - ()2(iH) (which in the above notation read — 
VI = l/g', Vb + 2Vd = rV^°^'/Q - I/^^VS and K + 2V; = -rV^°'^' /2) have been us ed to test the 
quality and the continuum limit of the lattice simulation in (jBali et all Il997l l. The lattice 
data satisfy well the relations especially in the short and medium range. For the long range, 



K2,0) 



More lattice plots may be found in (jBali . 



Bali. 


2OO1I 


Bali et al. 


1997) 



19971 ). In general the lattice 



curves appear to be quite noisy for large interquark separations. This calls for new deter- 
minations in a fully consistent lattice renormalization context. The lattice data have been 
compared with fits motivated in the short range by the perturbative behaviour and in the 
long range by QCD vacuum model calculations. We will briefiy mention some of them in 
the next subsection. 
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2. QCD vacuum models 



The EFT has allowed us to systematically encode the low energy contributions to the po- 
tentials into Wilson-loop amplitudes. These are very convenient objects also for evaluation 
in a QCD vacuum model. A QCD vacuum model may be defined by the behaviour that 
it attributes to (not necessarily static) Wilson-loop expectation values in the large-distance 
region. Once this is known, it is possible to obtain all Wilson-loop ampli tudes with field- 



strerigth insertions by means of functional derivatives of the Wilson loop (jBrambilla et al. 



1994; 



Migdal . 



1983^ . In this way the non-perturbative form of all the potentials is derived 



from only one assumption on the Wilson loop behaviour. The lattice data on the potentials 
can be compared with the expectations from different QCD vacuum models. We note that 
a lot more knowledge may be gained here about the mechanism of confinement. Indeed, 
while all the models predict confinement and thus a linear increase of the static potential, 
the predictions for the relativistic corrections to the static po tential vary and may give 
non-trivial information. We refer to (IBrambilla and Vairo . 



Stochastic Vacuum Model ( Dosch and Simonov . 



19971) for calculations within the 
19881 ). to ( Baker et al . Il996allb) for cal 



culations i nside Dual QCD ( dual superconductor mechanism of confinem ent) (Baker al. 



19911). to (Baker et al 



19981) for a comparison be tween the two, a n d to (jBrambilla 



for a comparison also with the fiux-tube model (llseur and Paton 



19981 ) 



198,^ and the B ethe- 



Salpeter NR reduction of a scalar confining kernel. In (jBrambilla and Vaird . |l999a|) and 



( Brambilla and Vairo . 



2000br ). one may find reviews of several QCD vacuum models and 



results relevant for the non-perturbative behaviour of the potentials. 



H. Inclusive decay widths into light particles 

The inclusive decay width of a heavy quarkonium H into light particles reads (at leading 
order in Im hg) 

r(II light particles) = — 2 (ra, /, s, j|Im/i<j|n, /, s, j). (312) 

The imaginary part of the pNRQCD Hamiltonian has been written in Eqs. (I75p . (j268|) and 
(|291|) . The wavefunctions 0„.,7s(r) = (r|n, have been discussed in sec. IVll.GI For 
the present purposes, a LO calculation is sufficient for P-wave wavefunctions, while a NLO 
analysis, which involves the 1/rn? potentials, is necessary for 5- wave ones. 
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With the above specifications and from Eq. ()312j) . we can now hst the pNRQCD ex- 
pressions for S- and P-wave decays. We will proceed as follows. First, we will give the 
expressions for the matrix elements of NRQCD that appear in Eqs. (|42 |) -(|47 |) . We will 
distinguish between terms that are analytic in 1/m and terms that are not ((H|0|H) = 
(HIOIH)-*^/™ + (H|0|H)^/^), since, as we have seen in the previous sections, they have been 
calculated in pNRQCD to different precision. Finally, we will explicitly give the decay widths 
in pNRQCD at the precision at which they are presently known. 

The analytic contributions in 1/m to the NRQCD matrix elements hav e been calculatec 



up to f once normalized to m°) 0{p^/m? x { Kl^nr, I . E I m)) for .S-wave ( Brambilla et al. 



2003a|) and up to 0{p^/m^) for P-wave matrix elements (jBrambilla et al 



2002a|): 



{VQ{nS)\O^CS^)\VQ{nS)y/^ = CA- 
{PQ{nS)\0,CSo)\PQ{nS)y/"' = Ca- 
{VQ{nS)\OM^Si)\VQ{nS))^'^ = Ca 
{PQ{nS)\O^M{'So)\PQ{nS)Y'^ = Ca 



2ti 



2n 

27r 

Ko(0)P 
27r 



m 9 

771(0) 9p 

m 9 



+ 



2£. 



(2,*) 



+ 



2^. 



?>rn? 



+ 



clBi 



771(0) 9p 
EnQ ^^3 

m 9 

771(0) 9p 
-^nO ^^3 

m 9 



+ 



2£. 



(2,EM) 



3m^ 



+ 



+ 



2£. 



(2,EM) 



3m^ 



+ 



clBi 



{XQ{nJS)\O^C'^'PJ)\XQ{nJS)y/^ = {xQ{nJS)\OM 

D(0)'/'nM2 



,'25+1 



Pj)\XQ{nJS)y/^ 



^ — IC/'(0)| 
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{VQ{nS)\V,CS,)\VQ{nS)y/^ = 
{VQ{nS)\VEMeSi)\VQ{nS)y/"' 



{PQ{nS)\V,CSo)\PQ{nS)y/^ = 
= {PQ{nS)\VEMCSo)\PQ{nS)y/"' 

I^S(o)p 



2tt 



rriE, 



(0) 
nO 



£1 



{VQ{nS)\OsCS^)\VQ{nS)y/"^ = {PQ{nS)\OsCSo)\PQ{nS)y/'^^ 



R^nim' { 2{Ca/2-Cf)£ 



(2)' 



2tx 



{VQ{nS)\0,{'S,)\VQ{nS)Y'^ 



{PQ{nS)WS,)\PQ{nS)) 



1/m 



3 

?(0)^nM2 



Ca- 



( {CaI2-Cp)cIB, 



27r 



3m^ 



{VQ{nS)\Os{'Pj)\VQ{nS)Y'^ _ {PQ{nS)\0,i} Pr)\PQ{nS)Y'^ 
2J + 1 9 



(313) 
(314) 
(315) 
,(316) 

(317) 



(318) 



(319) 



(320) 
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i?S(o)|V (c^/2-c^)£:i 



{XQ{nJS)\OsCSo)\XQ{nJS)y/'- 



Ztt 

3 vrm^ 



9 



(321) 
(322) 



where the radial part of the vector 5- wavef unction is -R„ioi = Rno cind the radial part of 
the pseudoscalar S-wavefunction is -R„ooo = Rno- The quantity -R^°i ' is the derivative of the 
radial part of the LO P-wave wavefunction. Any other dimension-6 and dimension-8 S'-wave 
matrix elements are at the order considered here. 

The non-analytic contributions in 1/m to the NRQCD matrix elements have been cal- 
culated up to (o nce normalized to m'^) 0(p^ /m^ x Aqcd/"^ x rnas/ -\/^ Aqcd) for S-wave 



matrix elements ( Brambilla et al 



2004) : 



{VQ{nS)\0,CS,)\VQinS)) 



l/v^ 



{VQ{nS)\OEMCSi)\VQinS)) 



27T 



1 + 



A{2Cf + Ca) "«^! 



3r(7/2) 



m 




(323) 



{PQ{nS)\0,CSo)\PQ{nS)y^^ 



{PQ{nS)\OEMCSo)\PQ{nS)y/^ 



4(2 



3r(7/2) 



m 



. (324) 



All other matrix elements receive contributions which are 0{mas/ Aqcd) suppressed, 
under the condition ()282|) . with respect to those listed in Eqs. ()313p - ()322|) . 

Some comments are in order. All matrix elements are factorized into a part that 
is the wavefunction at the origin and a combination of gluon-field correlators. The 
wavefunction carries all the dependence on the state and flavor content of the decay- 
ing heavy quarkonium (apart from the residual dependence on m and n in the bind- 
ing energy and on m in the logarithms in cp) while the correlators only depend on the 



low-energy properties of QCD and are in this sense u niversal. 



once and forever, either by means of lattice s i mulat ions (jBali et al 



2004; 



D'Eha et al. 



(Baker et al. 



1998 : 



1997 



Brambill 



tal data terambilla et al. 



J goooi 



ley may be calculated 



1998; 



Bali and Pineda . 



Foster and Michaell. Il999l) or specif ic models of the QCD vacuum 



Di Giacomo et al 



200^ or extracted from experimen- 



2002ar ) (see also sec. lVIII.'D| . We emphasize that the factorization 



holds only if Aqcd ^ E, otherwise it would not be possible to disentangle the heavy quarko- 
nium, whose energy is E, from the non-perturbative gluons. 
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The factorization is also the reason for the reduction in the number of non-perturbative 
parameters in going from NRQCD to pNRQCD. In pNRQCD these are the wavefunctions 
and the gluon-field correlators. Among these only the wavefunctions depend on the specific 
heavy quarkonium state that we are considering. As discussed at the beginning of the section, 
the wavefunction may be calculated, in principle, in terms of QCD quantities by solving 
the Schrodinger equation ()308|) . At the order at which they are given, Eqs. ()313|) - ()316p are 
sensitive to the difference between the pseudoscalar and the vector S-wave wavefunction. For 
the other S-wave operators, the difference is not important at the present level of accuracy. 
The reduction in the number of parameters is more evident if we consider ratios of matrix 
elements of hadronic operators and electromagnetic ones. The wavefunction dependence 
drops out and we are left with a combination of a few universal gluon-field correlators. In 
sec. IVIII.Dl we will discuss the phenomenological relevance of this for the calculation of 
bottomonium and charmonium inclusive decay widths. 

Finally, we would like to recall that, apart from the matrix elements 
{VQ{nS)\Oi{^Si)\VQ{nS)) and {PQ{nS)\Oi{^ So)\PQ{nS)) that are affected at relative 
order m/Aqco x fnas/ y^rnAqcD; all other matrix elements listed above receive non-analytic 
contributions from the three-momentum scale a/^tiAqcd at relative order ma^/ Aqcd 
with respect to the leading piece. It may turn out that these contributions are numerically 



important, since the suppression factor ma^j AymAqcD niay not be that small. In this 
case it would be important to have the leading non-analytic contributions for all matrix 
elements. As long as this is not the case, non-analytic contributions give the dominant 
source of uncertainty for the factorization formulas ()317|l - fl322j) . 

We conclude this section by giving the explicit formulas in pNRQCD for the electromag- 
netic and inclusive decay widths of heavy quarkonium into light particles at the present 
level of knwoledge. This means that S'-wave decay widths are given up to and including 



C(Im/ X /m? X Aqcd/""^ x mas/ Aqcd) and P-wave decay widths up to and includ- 
ing 0(lm/ X /m^): 



V /c\\\2 



V{yQ{nS) ^ LH) = ^ '^""7' ImhCS,) I 1 + ^^t;; ',,r"^ I , (325) 



r(P«(„S) ^ LH) = I,„A('S„) I 1 + ' =^ 1 . (326) 
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T{xQ{nJS) ^ LH) 
T{VQ{nS)^e^e~) 

r(PQ(n5)--77) 
^iXqinJl) 77) 



3Im/i 



Ca\R. 



ImfU'Si) 1 + 



A{2Cf + Ca) "s^; 



5/2 



Im^^(i5o) 1 + 



3r(7/2) 

3r(7/2) 
for J = 0, 2 , 



1/2 



5/2 



1/2 



, (327) 
, (328) 

, (329) 

(330) 



VIII. PHENOMENOLOGICAL APPLICATIONS 

A. Determinations of and rric from the IS resonances 

In this section we would like to give the state-of-the-art determinations of the bottom 
and charm masses from the ground-state bottomonium and charmonium masses. 

For precise determinations of those parameters, we need to be in a situation where the 
dynamics can be described by a weak-coupling analysis (at least in a first approximation) 
and where non-perturbative effects are small. Therefore, the first question we should answer 
is if we are in such a dynamical situation. For the bottomonium and charmonium systems, 
we believe that the masses rrif, and rric are much larger than Aqcd- This is not enough, 
however, since we also need mv ^ Aqcd- If this is the case then we are dealing (in a first 
approximation) with a Coulomb-type bound state. In this situation we can apply the results 
of llV.dl once the renormalon cancellation along the lines of ch. I^has been used. In other 
words, our starting point will be Eq. p94|l . Let us see whether the assumption mv ^ Aqcd 
is reasonable for bottomonium and charmonium ground states. The momentum transfer 
in the first case is around < 2 GeV whereas in the second case it is around < 1 GeV. 
The momentum transfer between the heavy quark and antiquark lies in the deep Euclidean 
domain. Therefore, the computation does not rely on local duality (at least to low orders in 
perturbation theory). The assumption mv ^ Aqcd then becomes equivalent to believing in 
perturbative calculations in the Euclidean domain in the above range of energies. We will 
report on work in which this attitude is taken for the bottomonium ground state as well as 
on work where this attitude is also taken for the charmonium ground state. The relative 
size between the US scale and Aqcd remains to be fixed. 
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reference 


order 


rribimfy) (GeV) 


fBeneke and Simer. 1999) 


NNLO 


4.24 ± 0.09 


fHoanff. 1999) 


NNLO 


4.21 ±0.09 


rPineda. 2001) 


NNLO 


4.210 ±0.090 ±0.025 


fBrambilla et al. 2002b) 


NNLO 


4.190 ±0.020 ±0.025 


fPenin and Steinhauser. 2002) 


NNNLO 


4.349 ± 0.070 


(Lee, 2003a) 


NNNLO 


4.20 ± 0.04 


(Contreras et al, 2004) 


NNNLO 


4.241 ± 0.070 


reference 


order 


mcinic) (GeV) 


fBrambilla et al. 2001c) 


NNLO 


1.24 ±0.020 



TABLE III Recent determinations of mi, and rUc in the MS scheme from the T (IS) and J /ij)(lS) 



masses. 



Let us now consider recent determinations available in the literature, which we q uote 
in Table IIIII In the first three references, as well as in fjPenin and Steinhauseii. 120021) . no 
finite charm mass effect s due to the potential a nd se lf-energy, calculated in (jEiras and Soto , 



Hoaris 



2Mi 



Mellei 



20001 ) ■ were included. In all the references. 



except in (jBeneke and Signer! . Il999l ) (at the moment of that computation the conversion 
from the pole to the MS masses was not known with the required accuracy), the conversion 
from the threshold (or pole) masses to the MS has been performed to three loops. The 
NNNLO analyses should be understood as onl y almost complete, since t he three loop static 



potential coefficient was only e stimate d. In (jBeneke and Signer 



In (^Pineda 



19991 ). a NNLO analysis 



wa s done in the P S scheme. In (lHoanglll999l ). a NNLO analysis was done in the IS scheme. 



20011 ). a NNLO analysis was done in the RS scheme as well as an analysis at 



NNNL O including the logarithms at this order and the large /3o result. In (jBrambilla et al 



2002br). a NNLO analysis wa s done in the MS scheme using the upsilon expansion. In 



(Penin and Steinhauser 



20021 ) ■ a NNNLO analysis was done in the on-shell scheme. We 
believe that the difference with respect to the other results is due to the presence of the 
renormalon, as well as the way US and non-p erturbative effects were implemented, since the 
authors assume mv'^ ^ Aqcd- In flLeel l2003ah . a NNNLO analysis was done in a scheme sim- 
ilar to the RS one. In this reference, the US contribution was included within perturbation 



129 



theory. Also in (|Contreras et all l2004 ). a NNNLO analysis was done in a scheme similar 
to the RS one. In this case, the US contribution was also treated perturbatively but in a 
different way from the soft one. It would be extremely interestin g to repeat these analyses 



without the US contribution. Actually, in (jContreras et al 



200J), it is easy to separate the 



US contribution (although it is not fully clear in which scheme). If one eliminates the US 
contribution in this case, the bottom mass goes down by around 50 MeV leading to good 
agr eement with previous analyses. Nevertheless, it remains to be seen what would happen 



in (jLee . 



2003a|) if a similar approach were applied. 



We would also like to men tion the determination of the charm mass from the J/^(1S) 



mass (iBrambilla et al. 



2001d l. The authors perform a complete NNLO analysis in the IS 



scheme. It would be very interesting to perform a similar analysis with a different threshold 
mass, as well as to do the NNNLO analysis, in orde r to see whether the resu l t rera ains stable. 

In the above analyses, with the exception of (|Penin and Steinhauseii . l2002l l. the non- 
perturbative effects have been left unevaluated. In some cases the non-perturbative results 
obtained in the limit mv"^ ^ Aqcd has been used to estimate their size. 

The main sources of errors and possible improvements are the following. None of the above 
analyses has yet incorporated the resummation of logarithms available at NNLL. It would 
be interesting to see its effect on the mass of the heavy quarkonium. So far all the (almost 
complete) NNNLO evaluations have been done assuming that the US contribution can be 
computed within perturbation theory. It would be most interesting to perform the NNNLO 
analysis without the US piece. Two of the (potentially) major sources of errors in this kind 
of evaluations of the heavy quarkonium mass are the non-perturbative co ntribution (IT^ Ul) 
and possible effects due to subleading renormalons (see the discussion in (Pinedal, |200l|)). 
Any reliable determination of Eq. ()140|) will have an immediate impact on our understanding 
of the theoretical errors. On the one hand, it would put on more solid ground our implicit 
assumption that the LO solution corresponds to a Coulomb-type bound state. Once this is 
achieved, it would bring the error estimates of the non-perturbative effects from a qualitative 
level to a quantitative one, (hopefully) decreasing their size significantly. On the other hand, 
one may think of cross-checking these results with other determinations. The fact that the 
difference happens to be relatively small supports the belief that (perturbative and non- 
perturbative) higher-order effects are indeed not very large. In order to have an independent 
handle on the size of the non-perturbative corrections, one may consider the difference 
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betwee n the lattice simulation of the static potential and the perturbative prediction (|Pineda , 



2003bl ). If one neglects possible effects of unquenching, one gets (in the static limit) non- 



perturbative contributions, which are not larger than ~ 100 MeV. A precise determination 
would require an accurate determination of the chromoelectric correlator which appears in 
Eq. (|140|) from the lattice. In this respect we note that, by using the data on the gluelump 
masses reported in Table ITTl one obtains A^; ~ 1.25 GeV, which is much larger than the US 
scale. This may indicate that the actual situation, even for the ground-state bottomonium, 
is mv ^ Aqcd ^ mf ^, at least as far as the computation of Eq. ()140|) is concerned. Then 
the results of sec. IVII.FI would apply. 



B. Spectroscopy in the weak-coupling regime 



Along the lines of the previous section, once it is assumed that the T(15') can be described 
by the weak-coupling version of pNRQCD, it should be possible to give a prediction for the 
?7b(15') mass. If this belief is extended to the J/ip^lS), it should also be possible to give 
predictions for the Bc{lSY^ and Bc{lS)* masses, as well as to check the theory by comparing 
with the experimental value of the rir(^ S) mass. 



Working in the IS scheme at NNLO (|Brambilla and Vaird . l2000al ) obtained a prediction 
for the Bc{lS) mass. It reads 



M(5J = 6326+f MeV, 



(331) 



where the error accounts only for higher-order perturbative corrections and uncertainties in 
as{Mz). The error due to non-perturbative contributions has been estimated to be in the 
range of (40 - 100) MeV. It is argued there that the non-perturbative contributions to the Be 
mass in the IS-mass scheme come out as the following combination of non-perturbative con- 
tributions in the pole-mass scheme: -5E( J/V^)'^p/2 -5£;(T(15))"p/2 +(5E(5c)°p. Therefore, 
cancellations may occur if all three corrections are of the same type and size. This may sub- 
stantially re duce the total size of th e non-perturbative corrections to the B^ in the IS'-mass 



scheme. In fBrambilla et al. 



2001d ) a similar determination has been done, using the MS c 
and h masses . The result is very similar: M{Bc) = 6324 ± 23 MeV. Again the error only 



■^^ Although its mass has been measured to be 6.40 ± 0.39 ± 0.13 GeV I Abe et al. . 199^ . the precision is not 
good enough to reaUy test the theory. 
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accounts for higher-order perturbative corrections and uncertainties in a. 



Mz). The error 



due to non-perturbative contributions has not been estimated there. In (jBrambilla et al. 



2002b| ) charm-mass effects were also included in the analysis. They lower a little bit the 



central value: M(5c) = 6309 ± 



In the case of bottomonium, (Kniehl et al 



7MeV. The error is as above. 



20041 ) calculated the hyperfine splitting of the 



ground state at NLL in the on-shell scheme (the effects due to the pole mass renormalon 
are subleading). For this observable, the resummation of the logarithms along the lines 
discussed in sec. II V. Hi seems important. The authors have given a rather precise prediction 
for the mass of the ?7fe(lS'), which uses the experimental value of Mt(is'), 



M(r/t,(15)) = 9421 ± 11 (th) tl (5as) MeV 



(332) 



where the errors due to the higher-order perturbative corrections and the non-perturbative 
effects are added up in quadrature in "th", whereas "(5as" stands for the uncertainty in 
as{Mz) = 0.118 ± 0.003. They also obtained a value for the charmonium ground state 
hyperfine splitting, M(J/i l)(lS) — MjvrilS) ^ 10 4 MeV , to be compared with the experi- 



mental figure 117.7 MeV. f Recksiegel and Sumin 



1^, 



2004^ have performed a numerical NLO 



analysis of these hyperfine splittings. For bottomonium they get ~ 44 MeV, which compares 



wel 



with the above nu mber, and for charmonium ~ 88 MeV, which is somewhat lower. 



( Penin et al. 



2004ar ) hav e also calcula t ed th e hyperfine splitting of the Be ground state 



at NLL in a way similar to (jKniehl et all 120041 ). They obtain 



M{B*) - M{B,) = 65 ± 24 (th) +\l (Sa^) MeV 



(333) 



where the errors read as in Eq. (j332|) . This result, combined with Eq. (|33ip . or, eventually, 
with a more accurate experimental determination of the Be mass, provides a prediction for 
the B* mass. 



(Brambilla et al 



2001c 



2002b| ) have considered higher excitations of the bottomonium 



system at NNLO in the MS mass scheme and using the upsilon expansion (the latter refer- 
ence has also included finite charm mass effects). It is not obvious a priori that these can 
be described under the kinematical assumption mv ^ Aqcd, however, it is worth investi- 
gating this possibility. The results for the levels that turn out to be stable in this analysis is 
shown in table IIVI We note that at least a part of the higher bottomonium levels seems to 
be reasonably well described in perturbation theory. In particular, the equal level spacing, 
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T 


M(T)^^P(MeV) 


M(T)(MeV) 


T(l3Po) 


9860 


9995(83) 


T(l3Pi) 


9893 


10004(86) 


T(13P2) 


9913 


10012(89) 


T(235i) 


10023 


10084(102) 


T(l3Po) 


10232 


10548(239) 


T(l3Pi) 


10255 


10564(247) 


T(13P2) 


10269 


10578(258) 


T(335i) 


10355 


10645(298) 



'ABLE IV Comyarison of the theoretical predictions of some of the hottomonium levels obtained in 



'Bramhilla et al 



2002a ) with the experimental data. The errors come from sum ming quadratically 



uncer tainties in as, higher- order corrections and finite charm mass corrections 



200 A) . 



Bramhilla et al 



characteristic for the quarkonium spectrum, is reasonably well reproduced without making 
use of a confining potential. This behaviour seems to originate from self-energy contribution 
remnants of the renormalon cancellation and may reflect, from the point of view of the spec- 
trum, the numerical agreement mentioned in ch. lVII that is found in some situations between 
the perturbative static potential and the lattice data up to very large distances. Indeed, 
it was this phenomenological analysis that triggered part of the subsequent analysis of the 
static potential measured on the lattice in terms of perturbative QCD. Moreover, since for 
higher levels the experimental data agree with the theoretical results within the uncertain- 
ties, we may expect this to be the case also for the bottomonium ground state, suggesting 
very small non-perturbative corrections to it. Along similar lines, but within a numerical 
analysis, fine splittings of bottomoniu m and charmonium levels have been considered at 



NLO in ([Recksiegel and Sumino . 



20041) . 



C. Electromagnetic inclusive decay widths in the weak-coupling regime 

The electromagnetic inclusive decay widths are known at NNLO (see sec. IIV.G|) . Never- 
theless, they suffer from large scale uncertainties, which have so far prevented their use for 
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phenomenological analysis. This also affects the accuracy of sum rules (see the discussion 
in sec. lVlll.Ejl . 
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FIG. 19 The spin ratio as a function of the renormalization scale v in LO=LL (dotted line), 
NLO (short-dashed line), NNLO (long-dashed line), NLL (dot-dashed line), and NNLL (solid line) 
approximation. For the NNLL result the band reflects the errors due to as{Mz) = 0.118 ib 0.003. 
Panel (a) shows the hottomonium ground state case for which = m^. Panel (b) shows the 
charmonium ground state case for which = mc- In the charmo nium case, the upper band 



represents the experimental error of the ratio 



given by the horizontal solid line. From \Penin et al 



Eidelman et al 



200 aA) . 



200 A) where the central value is 



Recently, there have been a few phenomenological analyses including the resummation 
of logarithms (see sec. IIV.H|) . The impact of these logarithms appears to be large anc 



the ov erall convergence of the series seems to improve. For bottomonium, (jPenin et al. 



2004b| ) considered the complete result with NNLL accuracy for the ratio of the spin one 
and spin zero production in the on-shell scheme (at this order the effects due to the pole 
mass renormalon are sub leading). The logarithmic expansion shows nice convergence and 
stabihty (see Fig. [THK) despite the presence of US contributions with as evaluated at a rather 
low scale jm\y. At the same time, the perturbative corrections are important and reduce 
the LO result by approximately 40%. For illustration, at the scale of minimal sensitivity, 
V = 1.295 GeV, one has the following series: 



r(T(i5) 



r(r/,(lS)^77) 



3e 



2 J - 0.302 - 0.111) 



(334) 



In contrast, the fixed-order expansion blows up at the scale of the inverse Bohr radius. Non- 
perturbative effects contribute in the N^LL approximation, that is far beyond the precision 



134 



of this computation. Note that the non-perturbative contribution to the ratio of decay rates 
is suppressed by a factor f ^ in comparison to the binding energy and decay rates, where the 
leading non-perturbative effect is due to chromoelectric dipole interaction. Thus, by using 
the available experimental data on the T meson as input, one can predict the production 
and annihilation rates of the yet undiscovered rih meson. In particular, one can predict 



the Vh ilS) decay rate using the experimental value for the T(IS') decay rate (jPenin et al. 
2OO4J): 



r(r;b(lS) ^ 77) = 0.659 ± 0.089(th.)+°:°}^((5as) ± 0.015(exp.) keV , (335) 

where v = 1.295 GeV was taken as the central value, the difference between the NLL 
and NNLL result for the theoretical error, and as{Mz) = 0.118 ± 0.003. The last error 
i n Eg. ()335l] reflects t he experimental error of r(T(lS') —>■ e+e^) = 1.314 ± 0.029 keV 



( Eidelman et al 



20041 ). This value co r isidera bly exceeds the result for the absolute value of 



the decay width obtained by (jPineda 
the spin- independent part: F (77^,(1 5) 



2003a|) on the basis of a full NLL analysis including 
77) = 0.35 ± 0.1(th.) ± 0.05((5as) keV. This can 



be a signal of slow convergence of the logarithmic expansion for the spin-independent con- 
tribution, which is more sensitive to the dynamics of the bound state and in particular to 
the US contribution, as has been discussed above. On the other hand, renormalon effects 



(Rodwin and Chenl. |1 



Braaten and Chen 



1998| ) could produce some systematic errors 



in the purely perturbative evaluations of the production/annihilation rates. The problem is 
expected to be more severe for the charmonium case discussed below. 

We would like to point out that the one-loop result for u = rrib overshoots the NNLL 
result by approximately 30%. This casts some doubts on the accuracy of the existing as 
determination from the r(T — ^ light hadrons)/r(T —>■ e+e~) decav rates ratio, which gives 
as{mb) = 0.177 ± 0.01, well below the "world average" value (jEidelman et a/.l . 120041 ). The 
theoretical uncertainty in the analysis is estimated through the scale dependence of the one- 
loop result. The analysis of the photon mediated annihilation rates indicates that the actual 
magnitude of the higher-order corrections is most likely quite fa r beyond such an estimate 



and the theoretical uncertainty given in (jEidelman et al 



200J) should be increased by a 



factor of two. This brings the result for as into a la distance from the "world average" 
value. 



For charmonium, the same analysis was performed in (|Penin et all l2004br ) . The NNLO 
approximation becomes negative at an intermediate scale between ctg^c and nic (see 
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Fig. Unb) and the use of the RG is mandatory in order to get a sensible perturbative ap- 
proximation. The NNLL approximation has good stabihty against the scale variation but 
the logarithmic expansion does not converge well. This is the main factor that limits the 
theoretical accuracy, since the non-perturbative contribution is expected to be under control. 
For illustration, at the scale of minimal sensitivity, v = 0.645 GeV, one obtains 

T{ric{lS) 77) 3ei 

The central value is 2a below the experimental one. The discrepancy may be explained 
by large higher-order contributions. This should not be surprising because of the rather 
large value of as at the inverse Bohr radius of charmonium. For the charmonium hyper- 
fine splitting, however, the logarithmic expansion converges well and the prediction of the 
RG is in agreement with the experimental data. One can try to improve the convergence 
of the series for the production/annihilation rates by accurately taking into account the 
renormalon-related contributions. One point to note is that with a potential model evalua- 
tion of the wavefunction correc t ion th e sign of the NNLO term is reversed in the charmonium 



case (Czarnecki and Melnikov 



200 ]J ). At the same time the subtraction of the pole mass 



renormalon from the perturbative static potential makes explicit that the potential is steeper 
and closer to lattice results and to phenomenological potential models as we have seen in 
ch. IVll Therefore, the incorporation of higher-order effects from the static potential may 
improve the agreement with experiment. Finally, we mention that a NLL evaluation for 
the 'nri\S) — » 7 7 decay reproduces in the minimal sensitivity region the experimental value 



(Pineda, 



2008al) . 



D. Inclusive decay widths in the strong-coupling regime 

At the end of ch. |nj we pointed out that the application of the NRQCD factorization 
formulas to inclusive annihilation widths of quarkonium was somehow limited by the large 
number and poor knowledge of the NRQCD 4-fermion matrix elements. The pNRQCD 
factorization formulas presented in sec. IVII.HI make both problems less severe by reducing 
the number of non-perturbative parameters and by factorizing the wavefunction dependence. 
As a consequence, for systems to which it may be applied, pNRQCD in the strong-coupling 
regime has more predictive power than NRQCD. In the following, we will present some 
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of the predictions that are specific to pNRQCD. We remark that the problem of the poor 
convergence of the perturbative series for the NRQCD matching coefficients, also pointed 
out at the end of ch. |TT1 is specific to the hard-scale factorization and will persist at the level 
of pNRQCD. 

Let us consider the following ratios of hadronic and electromagnetic annihilation widths 

for states with the same principal quantum number (J = 0, 2): 

y _ nVQinS) ^ LH) p _ nPQjnS) ^ LH) T{xQ{nJl) ^ LH) 

" ViVQinS) e+e-) ' " r(PQ(n5) 77) ' " r(xoMl) ^ 77) ' ^ ^ 

It is a specific prediction of pNRQCD that, for states for which the assumption Aqcd ^ E 

holds, the wavefunction dependence drops out of the right-hand side of the above equations. 

The residual flavor dependence is encoded in the powers of 1/m, in e'^q and in the Wilson 

coefficients, while the residual dependence on the principal quantum number is encoded 

in the LO binding energy e'^^ . The Wilson coefficients may be calculated in perturbation 

theory and the binding energy may be derived from the quarkonium mass M{nS): M{nS) — 

2m ~ E^l^fj . The only unknown quantities are the gluon- field correlators. The crucial point 

is that these do not depend on the flavor and the quarkonium quantum numbers. Therefore, 

on the whole set of quarkonium states for which the pNRQCD formulas apply the number 

of non-perturbative parameters has decreased with respect to NRQCD. As discussed in 

sec. I VI I. HI the gluon-field correlators may be extracted either from lattice simulations or 

specific models of the QCD vacuum or from experimental data. We will come back to this 

last possibility at the end of the section. 

Here we would first like to consider combinations of ratios in which even the dependence 

on the correlators drops out and predictions based purely on perturbative QCD are possible. 

Let us consider the ratios between and with different principal quantum numbers 

at order E/m. Contributions coming from the non-analytic scale Aqcd have not been 

calculated to that order, however, they appear to be suppressed in the ratio. We obtain 

_ , , flmgii^S,) lmgU'S,)\ M{nS) - M{mS)_ ^^^^^ 



Rl Vlm/i(35i) lmfU^S,)J m 

K^.. ( Img^CSo) _ lmg,,CSo) \ MjnS) - MjmS) 
R^ ^Vlm/i(i5o) lmf,,{^So)J m ' ^ ^ 

Due to the pNRQCD factorization, the octet-type contributions cancel in the ratio, 

differently from what is pr edicted in NRQCD within the standard power counting 



([Gremm and Kapustin . 



19971 ). In the vector case we get for the T{2S) and T(35') state 
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FIG. 20 Plot of the 1-loop RG-improved expression for £ vs. /x; £{fJ-) = £{m)-\ — —In ^ . 

£{m) has been extracted from charmonium P-wave data. The error band accounts only for the 



uncertainties inherited from the charmonium data. From 



rrib ~ 5 GeV) Rj/Rj ~ 1.3, which is close to the e xperimental central value of about 



1.4 that one can obtain from ( Eidelman et al 



2004^ . In the pseudoscalar case, since 



Im (7i(^S'o)/Im /i(^S'o) — lmg^.y(}So)/lm f^^(^So) is of 0{as), we find that, at order E/m, 
R^ is the same for all radial excitations. 

As mentioned above, it is possible to fix the gluon-field correlators on some experimental 
set of data and use them on some other. For instance, one may extract them from char- 
monium data and calculate bottomonium widths. This is particularly useful since, at the 
moment, bottomonium data are less a bundant than charmoni um ones. The program has 



been carried out for P-wave decays in (jBrambilla et al. 



2002a| ). These depend on just one 



correlator, S^, which may be extracted from P-wave charmonium decay data. The result is 
shown in Fig. EH At the scale of 1 GeV one finds 



£:3(lGeV)=5.3l|^(exp), 



(340) 



where the errors only refer to the experimental uncertainties on the charmonium decay 
widths (in particular, uncertainties related to higher orders in the perturbative series, which 
may be potentially large, have not been included). In any case, the given figure is compatible 
with the values that ar e usually assign ed to the NRQCD octet and singlet matrix elements 



(e.g. from the fit of (IMaltoni 



200(1) one obtains 8^( 1 GeV) = 3.6+|^(exp)), while the 



bottomonium lattice data of ( Bodwin et al 



mm, 



2002h appear to give a lower value. Once 



is known it may be inserted in Eqs. ()327j) and ()330j) to get the ratios of annihilation 
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widths of bottomonium P-waves. In practice, in pNRQCD at the order at which Eqs. ()327|) 
and ()330p are vahd, the twelve P-wave bottomonium and charmonium states that he below 
threshold depend on 4 non-perturbative parameters (3 wavefunctions + 1 chromoelectric 
correlator £^3). The reduction of the number of unknown non-perturbative parameters by two 
with respect to NRQCD, allows one to formulate two specific new predictions of pNRQCD: 

TixwilP) - LH) r(x6o(2P) ^ LH) 



r(x6i(lP)^LH) r(x6i(2P)^LH) 



8.0 ±1.3, (341) 



or alternatively 



TjXbim^LH) _ r(x,i(2P) ^ LH) _ 
nx.,m - LH) - TixU2P) - LH) " '-''-o-"^' 

where S3 is taken from Fig.EDland the NRQCD matching coefficients are taken at NLO. The 
errors refer only to the uncertainty in S3. In Fig. |^ we plot the above ratios as functions 
of the factorization scale /i. We note that the scale dependence of S3 (see Fig. 120} has 
been smoothed out in the plots of Fig. |^ as expected in a physical quantity (compare the 
cancellation of the LO IR divergences between the singlet matching coefficients and the octet 
matrix elements discussed in the paragraph after Eq. ()47|1 ). The large NLO corrections are 
reflected by the extension of the non-overlapping regio ns in the two bands in Fig. 1^ Recen t 
CLEO measurements give (see (jCinabro et all 120021 ) corrected in (jBrambilla et a/.U2004^ ) 
r(Xfeo(2P) LH) /r{xb2{'^P) LH) = 6.1 ± 2.8, which agree inside the large errors with 
the above predictions, and r(x6i(2P) ^ LH)/r{xb2{2P) LH) = 0.25 ± 0.09, which is 
somewhat lower than above. 

The above approach may eventually be extended to a global flt of all the correlators 
appearing in S- and P-wave annihilation widths. The obtained values could then be used 
to predict annihilation ratios of quarkonium states that are unknown or to improve present 
determinations. This program still requires the calculation of the contribution coming from 
the non-analytic scale Aqcd at least at relative order E/m and AQQj-,/m^ for S waves 
(that is with the same accuracy as the contributions coming from the analytic scales listed 
in sec. IVII.H|1 and the resummation of large contributions in the perturbative series of the 
4-fermion matching coefficients. 



139 




rx6i->LH 0.5 




9 10 

(GeV) 
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FIG. 21 The left-hand side of Eqs. i341[ ) and \34S\) plotted vs. fi. We have taken 8^ from Fia. \2(A 
The L O and NLO bands refer to the Wilson coefficients at LO and NLO respectively. From XVaira . 
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E. Non-relativistic sum rules 



NR sum rules are a classical example for the application of NR EFTs and the determina- 
tion of the heavy quark masses like charm and bottom. The key point is the relation between 
n(g^) at = to moments of the total cross section a{e~^e~ QQ). n(g^) is defined in 
terms of the correlator of two electromagnetic heayy quark currents in the following way 

(343) 



where j1[{x) = Q'~^^Q{x). Using causality and the optical theorem one obtains 



<?2=0 



(344) 



where Rqq = a{e^e^ QQ) j a{e^e~ — ^ /U^/i") and eg is the quark electric charge. For low 
values of ra, the left-hand side of Eq. ()344|1 can be computed using perturbation theory due 
to the fact that the energy necessary to reach the threshold for heavy quarks production is 
much larger than Aqcd?^^ whereas the right-hand side can be obtained from the experimental 
data. However, we are concerned here with the NR sum rules. These are defined by taking 
n large. This implies the existence of new scales in the problem besides m and Aqcd, 



One should not forget, however, that potential problems may app ear beyond NNLO due to 



the appearance of physical deca y channels of the heavy quarkonium ijGroote and Pivovarov 
Portoles and Riiiz-Femenia . 2002j) . 



200: 



i 
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like mj ^fn^ m/n and so on. Therefore, it is not so clear that one can actually perform 
computations within perturbation theory. For n large enough, one will have ^/nas ~ 1 and 
a complete resummation of these terms should be achieved. The quantity ^Jnas appears in 
the computation through the ratio of two different scales: {^mas)/{m/^/n). Hence, we see 
the following analogy with the NR situation: l/y/n plays the same role as v, the velocity of 
the heavy quark, and by taking ^/nas ~ 1 we are considering the NR limit. 

There is also another problem. For sufficiently large n, we can no longer claim that 
the induced scales are much larger than Aqcd and non-perturbative effects need to be 
considered. How to handle them is a delicate issue. Here, we will only consider the situation 
when mj ^Jn ^ Aqcd- This seems to be a safe requirement (at least for bottomonium). It 
is not clear however that we can also assume m/n ^ Aqcd- In practical applications the 
boundary for doing so is usually taken around n ~ 10. We will discuss this issue further 
below. 

In spite of the above remarks, the NR sum rules are ideal from the experimental point 
of view. By taking n large on the right-hand side of Eq. ()344j) the contribution from high 
momenta (the continuum region) is suppressed. Actually, this is the region which is less 
well known on the experimental side. Therefore, by using NR sum rules, the experimental 
errors are significantly reduced. In practice, the following parameterization is used 

6 



97r 



r 



T(fe) 



'T(fe) 



ds 



5-^ s 
^BB 



Jl+l 



cont \ 



(345) 



The theoretical expressions for the moments P^^ can be computed order by order in the 
NR expansion in 1/ y/n and as, which at each order resums all the terms proportional to as^/n 
to any power. Nowadays they are known in the on-shell scheme at NNLO in the NR expan 



sion, which inc 



Hoane 



1999; 



udes all correction s up to order 1/n, a^/ ^/n an d a? (IBeneke and Signer!. 



Kuhn et al 



1998; 



Melnikov and Yelkhovskvl . 



1999a; 



199£; 



Renin and Pivovarov 



19981). With this accuracy, the dispersion integration for the moments Pn takes the form 

18Ca 



Pn 



m 



El 



4n fri?n+2^2(^2m 

xlm[(r = Q\Gs{E)\y = 0)] 



dE f E 
— exp I n 



m 



E E^ 
1 - h - — -n 



2 m Am? 



pNR/3, 



E 



m 



(346) 



(347) 



where E = ^/s — 2m and Ei is the binding energy of the lowest lying resonance. The 
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exponential form of the LO NR contribution to the energy integra tion 
because E scales like v"^ ~ 1/n. For explicit expressions, we refer to (iHoane . 



has to be chosen 

I 



199c 



£1 T £1 y £1 VI 


01 Qcl 


^b\TT^b) (.'-re V j 


1 lVJ.t^lllli\.i.iV fXim ± r;iJS.lii.J V V . Xr/r/rftH ] 


l\ll\ir,l I { w'^Y^(^'\"l(~' Tn 51 ct; 1 


4 on _|_ n in 

'i.ZjU _1_ \j.±\J 


(Ppnin a,nd Pivovarov IQQQi 


NNLO foole mass) 


4.21 ± 0.11 


fBeneke and Siener. 1999) 


NNLO (PS mass) 


4.26 ±0.09 


(Hoanfr, 2im) 


NNLO (IS mass) 


4.17 ±0.05 


CRidemiiller. 2003) 


NNLO (PS mass) 


4.24 ±0.10 


reference 


order 


mcinic) (GeV) 


fEidemuller. 2003) 


NNLO (PS mass) 


1.19 ±0.11 



TABLE V Recent determinations of ruf, and nric in the MS scheme from NR sum rules. 



As we have pointed out before, working in the on-shell scheme introduces large errors. 
Therefore most of the analyses nowadays use threshold masses, where the cancellation of 
the pole mass renormalon is explicit (see Table In practical terms this amounts to 
re-expressing the results obtained in the on-shell scheme in terms of the threshold masses. 
Nevertheless, even if some improvement is obtained, large uncertainties remain due to a 
rather strong scale dependence. This scale dependence can be traced back to the fact 
that the decay width of the heavy quarkon ium to e^e~ is stronglv s cale dependent. For a 
more detailed discussion of this point see (|Beneke and Signer! . 119991 1. In this respect, RG 
techniques have not yet been applied to these computations. It would be most interesting 
to do that and to see whether a more stable result is obtained. 

Non-perturbative effects in sum rules are parametrically of the same size as in the T(IS') 
mass in the standard counting 1/-Jn ~ a^. Nevertheless, it may happen that they are 
numerically suppressed. This is indeed the case consider i ng that one can describe the non- 



Voloshin 



19951 ). However, 



perturbative effects by local condensates (jOnishchenko . 
one can use the expression in terms of local condensates only in the situation m/n^ Aqcd 
(although one can use that result as an order of magnitude estimate of the non-perturbative 
effects). This would be analogous to the assumption mal ^ Aqcd, which may be difficult 
to fulfill. Therefore, it is more likely that the non-perturbative corrections will also depend 
on a non-local condensate of the same type (chromoelectric correlator) as the T(IS') mass 
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does. Thus, in order to estimate the non-perturbative errors in sum rules evaluations, it 
would be most welcome to have at least the explicit expression of the non-perturbative 
effects in the situation m/n ~ Aqcd, which is still lacking. In that way one could relate 
the non-perturbative effects for different moments in the sum rules to each others or to the 
non-perturbative effects in the T(IS') mass. 



F. t-t production near threshold 



F uture linea. r electro n -positron colliders will produce 



old ( Abe et al. 



2nnia b 



Aguilar-Saavedra et al. 



2001 



arge samples of t-t p airs near thresh 



Bagger et al 



20001 ). In this regime, 



the top and the antitop will move slowly with respect each other and pNRQCD becomes 
applicable. Since the top quark mass mt ~ 175 GeV and the expected (electroweak) decay 
width Tt ~ 1.5 GeV are large in comparison with Aqcd, non-perturbative effects due to 
Aqcd are expected to be small in the whole threshold region and hence a weak-coupling 
analysis is very reliable. In addition since Tt ~ mtol which is the US scale, a remnant of the 
would-be toponium IS" state is expected to show up as a bump in the total cross section. 
This will serve to obtain the top quark mass with a high accuracy. 

The t-i pair will be dominantl y produced v i a e"^e ~ — 7* , Z* — ti. The total production 



cross section may be written as (jHoang et al 



20001) 



3s 



(348) 



where F'"{s) and F"(s) contain electroweak parameters (jHoang et a,l\ . 120021 ) and 



W{s) = 


An ^ 
— Im 

s 


r'J 




(o| 


Tj;ix) 




o>" 


i?"(s) = 


An ^ 
— Im 
s 


—i ^ 




(0 









(349) 

where q = {y/s, 0) and (j^) is the vector (axial- vector) current that produces a quark- 
antiquark pair defined by Eq. (fT^ (Eq. (fT^ ). Hence, the full QCD calculation can be split 
into (i) calculating the matching coefficients h\{mt, z/), h^irrtt, v) and bKrrit, u), and (ii) calcu- 
lating current correlators in pNRQCD. Up to NNLO ((9(ag) corrections), the latter reduces 
to a purely quantum-mechanical calculation along the lines of sec. IIV.GI (US gluons do not 
play any role). The potential is only needed at the order displayed in Eqs. ()10H) - ()102p . This 
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cal culation has been c arried out by several groups an d the final outcome is s ummarized 



i n (IHoang et al. 



(Strassler and Peskin 



2000) (pre vious computations at LO (jFadin and Khozd . Il988h and NLO 



19911 1 relied on potential models which needed phenomenological in- 



put). Several comments are in order. 

1. At NNLO, the scale dependence which appears in the matching coefficient h\{mt^v) 
(62 = h\ = 1 at this order) is compensated by the scale dependence introduced by regulat- 
ing and renormalizing the UV divergences of the quantum-mechanical perturbation theory 
{potential loops). 

2. The top quark width is introduced by replacing rrit ^ rrit — iTt/2. A consistent 
inclusion of electroweak effects is still lacking. 

3. In order to obtain stable results for the top quark mass in going from LO to NLO 
to NNLO, it is very important to use the so-called "threshold masses" rather than the pole 
mass. These are discussed in ch. 

4. The large logarithms arising due to the various scales in the problem can be re- 
summed using RG techniques as described in sec. IIV.HI This problem is non-trivial because 
all scales (hard, so ft, potential and US) play a role. It was ffist addressed within the vN- 



RQCD framework (jHoang et al 



was first given within pNR Q CD in 



fjHoang and Stewart 



20031) . (jHoang 



2001bf). However, the correct result for 6^(mt,/i) at NLL 



2004; 



2002ah and later 



Hoang et al 



results for the NNLL contribution. The resulting series (jHoang . 



reproduced within vNRQCD 



20021) have c omputed some partial 



2004( ) does not show a very 



good convergence (even if the absolute value of the corrections is small) . This, however. 



may be due to the scheme dependence of the result. (jPenin et al 



2004bj ) have obtained a 



complete (and therefore scheme independent) result with NNLL accuracy for the ratio of the 
spin-one and spin-zero production. In this case a good convergence is found, but one should 
keep in mind that this ratio is less sensitive to the US scale than the full current. Therefore, 
it is premature to draw any definite conclusion about the convergence of the series before 
getting the complete NNLL evaluation, which, even if difficult, is within reach. This is of 
utmost importance for fu ture determinations o f the t op mass and the Higgs-top coupling at 



a future Linear Collider (jMartinez and Miguel 



20031) . 



5. At NNNLO, as well as for the resummations above, US gluons start to play a role. 



27 



For an analytical expression for the 77 — > tt cross section at NNLO see llPenin and Pivovarovll200lj) . 
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FIG. 22 Panel (a) shows the results for e^K" (et = 2/3 is the top quark electric charge) with 
rrit = 175 GeV (the IS threshold mass is used, see Section fT^) and Ft = 1.43 GeV in fixed-order 
perturbation theory at LO (dotted lines), NLO (dashed lines) and NNLO (solid lines). Panel (b) 
shows the results for e'fR" with the same parameters in RG improved perturbation theory at LL 
(dotted lines), NLL (dashed lines) and (partial) N NLL (s o lid lin es) order. For each order, curves 



are plotted for Vp/mt = 0.15, 0.20, and 0.3. From \Hoanc . 



200: 



The double logarithmic co ntributions were ca lculated in (jKniehl and Peninl . l2000c| ) and the 



single logarithmic ones in (jKniehl et al 



20031 ). The fini te pieces are s t ill miss ing. These can 



in principle be calculated with the potentials given in (jKniehl et all l2002a[ ) together with 
the three loop static potential (which is still missing), and the LO terms for the US gluons 
given by (jUUj) . The matching coefficients b1{mt, u), 62 ('^i? ^) ^ind b1{mt, v) also need to be 
calculated to one higher order in a^. 

Figure |221 exemplifies the current status of theoretical results for the total cross section 
for e^e^ ^ 7* ^ t^t^ . 



G. Semi-inclusive radiative decays 

We have seen that NRQCD and pNRQCD are particularly suitable for describing inclusive 
decays of heavy quarkonia to light particles. Semi-inclusive and fully exclusive decays can 
also be addressed but they require additional theoretical considerations. Similarly to what 
happens for inclusive decays, pNRQCD is expected to provide supplementary information 
here as well. Semi-inclusive radiative decays to light hadrons, in which only the photon 
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energy is measured, are the simplest of them and will be briefly discussed in the following. 

We shall restrict our discussion to the so-called direct contributions, for which the pho- 
ton is emitted from a heavy quark electromagnetic curre nt. Fragmentation contributions 
also play an important role (Catani and HautmannL 119951 ). The starting point is the QCD 



formula (jRothstein and Wise . 

dV _ M 

dz 



I997I ) 



lmT{z), T{z) 



d xe 



VQ{nS)\T{j;{x)jm}\VQ{nS))g^^\ 

(350) 

where M is the heavy quarkonium mass, and we have restricted ourselves to ^Si states, q is 
the photon momentum, which in the rest frame of the heavy quarkonium is g = (g+, q-,q±) = 
(zM, 0,0). We have used light-cone coordinates q± = q^ ± q^. z G [0,1] is deflned as 
z = 2E^/M, namely the fraction of the maximum energy that the photon may have in the 
heavy quarkonium rest frame. 

For z away from the lower and upper end-points (0 and 1 respectively), no further scale 
is introduced beyond those inherent in the NR system. The integration of the scale m in the 
time-ordered product of currents in ()350p leads to local NRQCD operators with matching 
coefficients which depend on m and z. At LO one obtains 



1 dT 



LO 



Ffi dz 



z ^ z(l 



where 



(2 



32 Q o 
To = —aa^CQ 



ln(l 



(2 



{VQ{nS)\0,('S^)\VQ{nS)) 



ln(l 



(351) 



(352) 



and eq is the charge of t he heavy quark. The correction to this rate was calculated numer- 



ically in ([Kramer 



1999! ). The contribution of color-octet operators turns out to be strongly 



suppressed away from the upper end-point region (the lowest order color-octet contribution 
identically vanishes) (jMaltoni and Petrelli 119991 1. The expression corresponding to ()352|) 
in pNRQCD is obtained at lowest order in any of the possible regimes by just making the 
substitution 



{VQinS)\0,i'S,)\VQinS)) = ^|i?„o(0)r, 



(353) 



The final result coincid es with the one of early QCD calculations (jBrodskv et al 



KoUer and Walsh 



mm. 



mm 



For z ^ 0, the emitted low energy photon can only produce transitions within the NR 
bound state without destroying it. Hence the direct low-energy photon emission takes place 
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FIG. 23 End-voint 



data i Nemati et al. 



region 



of the photon spectrum in semi-inclusive T deca y. The points are CLEO 



1991 ). the dashed line is the (best) curv e obtained in \Flemina ana 



Garcia i Tormo and Sotc . 



Leihovich . 



ml) (the 



200 Sd) and the solid and dot-dashed lines are the results of 

solid line is th e central value and the dot-dashed lines are obtained by a 2^^ variation of the relevant 
scale). From 



Garcia i Tormo and Sotc , 



20 OA) . 



in two steps: (i) the photon is emitted (dominantly by electric dipole and magnetic dipole 
transitions) and (ii) the remaining (off-shell) bo und state is annihilated into light hadrons. It 



mm 



Voloshinl . 



has a suppression ~ with respect to Fq (see (jManohar and Ruiz-Femenia 
2004^ for recent analyses of this region in QED). Hence, at some point the direct photon 
emission is overtaken by the so-called fragmentation con tributions QQ —>■ ggg —>■ ggqq'y 



( Catani and Hautmann 



1995 



Maltoni and Petrelh 



19991 ) ■ 



For z — > 1, momentum conservation implies that the gluons emitted in the short-distance 
annihilation process must have a direction roughly opposite to that of the photon. They 
produce a jet-like event with momentum px = ((1 — z)M, M, 0) (in light-cone coordinates). 
This implies that two more scales become relevant, px+ = (1 ~ 2;)M and = (1 — z)M^, 
producing an additional hierarchy M ^ My/1 — z ^ M(l — z). In recent years an 
EFT named Soft-CoUinear Effective Theory (SCET) has been introduced in order to ef- 



(Bauer et oL. 


2nnib) 


2nnic: 


Beneke et al.. 



2002; 



Chav and Kiml. 



pliec 



2004; 



to Tfl^*) radiative decays bv (IBauer et al. 



Garcia i Tormo and Soto . 



2002 : 



Hill and Neubert 



2001a; 



20031). It has 



Fleming and Leibovich 



jeen a p 



2003al ]b. 



2004^ . We shall not review SCET here (a complete analysis 



connecting pNRQCD and SCET is still lacking), but only mention its relevant features for 
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the case we are concerned with. For z ^ 1, upon integrating out the scale m, the time- 
ordered product of currents in ()350p does not reduce to local NRQCD operators anymore. 
Additional degrees of freedom are needed. These are collinear gluons (and collinear light 
quarks), which are defined as those having a typical momentum (in light-cone coordinates) 
p ~ ((1 — z)M, M, a/1 — zM). They are incorporated in SCET together with the remaining 
degrees of freedom in NRQCD. Then one matches the QCD electromagnetic currents jJ^{x) 



(rather than the full time-ordered product) to SCET currents. Next, the scale \^T^^M is 
integrated out (assuming that it is large enough to use perturbation theory) by matching the 
time-ordered product of currents in SCET (now renamed SCETj) to (non-local) operators 
of the so-calle d SCETtt, which does not co ntain collinear modes of virtuality ~ (1 — z)M'^ 
anymore (see (jBeneke and Feldmannl . l2004 ) for a detailed description of the modes involved 
in SCETi and in SCETn). By calculating the anomalous dimensions of the various opera- 
tors appearing in both matchings and using standard RG techniques, one ca n resum large 



(Sudakov) logarithms ln(l — z). For the col or-octet currents, this w a s done bv (IBauer et al. 



20niar ) and for the color-singlet ones by (jFleming and Leibovich . 



color-singlet sector, the final outcome corrects the old results of (jPhotiadisl . |l 



2nn4J). F or the 



For 



the color-octet sector, the final result may be given in terms of so-called shape functions 



(Rothstein and Wise 



19971 ). which involve expectation values in the heavy quarkonium state 



of two color-octet NRQCD currents separated along a light-cone direction, for instance 



At: 



e 2 



1+1 



(VQ(n5)|[^tT^x](a:-)0r(O,x-)[xtT^^](O)|VQ(nS)). (354) 



If the heavy quarkonium state is in the weak-coupling regime, as it is likely to be in the 
case of the T(15') system, one can use pNRQCD in that re gime to cal culate the shape fun c- 
tions. This was done by ([Garcia i Tormo and Sotd . 12004^ (see also (jBeneke et a/.L 120001 )). 



When t hese results ar e comb ined with those of the singlet sector, an excellent description 



of data (Nemati et al 



19971) is obtained (see Fi g. OHj) for the end-point region. Although, 



as discussed in ( Garcia i Tormo and Soto . 



2004^ . there are still some calculations missing 



in order to have a totally unambiguous theoretical result, the agreement with data is very 
encouraging. Indeed, the end-point region of the photon spectrum has been very elusive to 
theoretical descriptions. The color-singlet contribution (sometimes referred to as the color- 
singlet model) lies well above the data. For the color-octet contributions, different models 
were used in the past to estimate the shape functions, generically producing results incom- 
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Bauer et ai. 


2nnia: 


Woli, 


2001) 



Woli 120011 ). These facts were used to argue that 



the intro duction of a non- vanishing gluon mass was necessary in order to fit the experimen- 
tal data (jFieldl 120021 ) . This is no longer the case, at least as far as the T(IS') system is 
concerned. 



IX. CONCLUSIONS 

The application of EFTs of QCD to heavy quarkonia has considerably increased our 
understanding of those systems from a fundamental point of view. This has occurred at 
several levels. 

• Long standing puzzles have been resolved. For instance, the fate of IR divergences 
in the decay widths to light particles has been resolved in NRQCD by introducing 
color-octet operators, and the fate of the IR divergences in the QCD static potential 
has been resolved in pNRQCD by the explicit use of US gluons. 

• Heavy quarkonium physics in the strong-coupling regime has been brought into the 
realm of systematic calculations in QCD. This has led to the discovery of new terms 
in the potential which were missed in the past, both analytic and non-analytic in 1/m, 
and to express the color-octet NRQCD matrix elements in terms of wavefunctions at 
the origin and additional bound-state-independent non-perturbative parameters. This 
puts NR phenomenological potential models in a QCD context in the kinematic regime 
where this EFT description apphes. 

• In the weak-coupling regime, it has allowed higher-order calculations to be carried 
out in a systematic and much simpler manner. Errors are under parametric control. 
Moreover, it has made possible the application of RG techniques, which have been 
used to resum infinite series of IR QCD logarithms, being so far the only known way 
to carry out such resummations. This has opened the possibility of having precision 
determinations of the Standard Model parameters to which the heavy quarkonium is 
sensitive: ag and the heavy quark masses. 

Although the virtues by far exceed the drawbacks, the latter are not absent in EFTs of 
heavy quarkonium. They are all related to the fact that the actual bottom and, especially. 
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charm masses are not so much larger than Aqcd (for toponium-hke states the EFT should 
work very well). This means that the scales m ^ p ^ E, which are assumed to be well 
separated, may actually not be that well separated, and hence expansions in various ratios 
may show a slow convergence. In the strong-coupling regime it is still too early to judge. 
For T(IS'), in the weak-coupling regime, the convergence seems to be good. In addition, 
it is a fact that most of the matching coefficients of NRQCD show a poor convergence in 
as{m) both for bottom and charm masses, which is jeopardizing many practical applications 
of NRQCD. We may expect, however, that once the renormalon singularities in each series 
have been identified and properly subtracted, the situation will improve considerably, as it 
has occurred with the introduction of threshold masses. 

X. PROSPECTS 

Non-relativistic EFTs for heavy quarkonium still have an enormous potential and may 
evolve in many different directions. Some of them are more or less obvious improvements or 
extensions of what has been presented here. Others require the introduction of new concepts 
and techniques. 

Among the obvious improvements are those which consist in calculating matching coeffi- 
cients and observables to a higher accuracy in both NRQCD and pNRQCD. In NRQCD, it 
would be important to have the NNLO calculation of the imaginary parts of the matching 
coefficients of the four fermion operators, at least for S and P waves. This would allow 
one to see whether the poor convergence observed at NLO is corrected or remains, and in 
either case it would facilitate renormalon-based improvements. It would also be important 
to have further and more accurate lattice calculations of the NRQCD matrix elements (see 
sec. II1.F.2|) . In the weak-coupling regime of pNRQCD, some perturbative calculations are 
missing, which seem to be in reach of the current computational power. Let us only men- 
tion the complete three-loop static potential, which is necessary for the complete NNNLO 
spectrum and for electromagnetic production processes (for instance in t-t); the complete 
NNLL resummation of the creation and annihilation currents; and the NNNLO calculation 
of electromagnetic production. These would allow us an increase in the precision of the 
determinations of nib, ^c, C(s, and, eventually, rrit (see sec. IV111.A|) . For the case of T(IS'), 
the accuracy is limited by the poor knowledge of the non-perturbative contributions, which 
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are precisely given in terms of chromoelectric field correlators. A proper lattice evaluation 
of the latter would be most welcome. For the t-i system, the level of accuracy calls for the 
consistent inclusion of electroweak effects, which is also missing (see sec. IV111.F|) . 

In the strong-coupling regime of pNRQCD, on the one hand it is necessary to update 
the early lattice evaluations of the potentials including the more recently found 1/m and 
potentials. On the other hand a systematic matching procedure of the potentials to 
the continuum limit and a rigorous lattice renormalization scheme should be developed (see 
sec. IV11.G|) . This will lead to a fully consistent lattice version of pNRQCD. 

In the same regime, the inclusion of pseudo-Goldstone bosons (pions) and low energy 
photons is still lacking. This would allow the description of electromagnetic and hadronic 
transitions in that situation. 

Let us next mention some applications of EFTs to heavy quarkonium that require further 
theoretical elaborations. 

The systematic study of semi-inclusive (see sec. IVIlI.Gj) and exclusive decays may need 
the introduction of further degrees of freedom in addition to those of NRQCD or pNRQCD. 

NRQCD production matrix elements should also have definite expressions in pNRQCD 
both in the weak and in the strong coupling regime, which have not been worked out yet. It 
is expected that, as happens for the decay matrix elements, new relations may appear and 
the number of nonperturbative parameters is consequently reduced. 

States close to or above the heavy-light meson pair threshold cannot be treated using 
pNRQCD, at least in its current formulations. Hence one has to stay at the NRQCD level. 



A hadronic version of NRQCD, including 
pseudo-Goldstone bosons , in the spirit of 



leavy quarkonium states. 



1997 



Mannel and Urech 



1997 



Voloshi 



a 



leavy-light mesons, anc . 



Burdman and Donoghue . 



20031) naight prove useful and will eventually help 



1992; 



Casalbuoni et al. 



to understand the nature of present (jChoi et alV |2003D and possibly future potential states 
in that region. 

Including finite temperature in NRQCD and pNRQCD would ma ke it possible to address 
important questions like J /ip suppression as a sign of deconfinement (jMatsui and Sata . ll98fir i 
in current and future heavy ion collision experiments. 

Finally, by slightly changing the fundamental degrees of freedom, EFTs may be built 
which are similar to pNRQCD, but also suitable to describe bound states made of two 
heavy particles other than heavy quarkonium. An example are heavy baryons made of two 
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heavy quarks, like those recently discovered at SELEX (|Mattson et all 120021 ) . Th ese sys- 



tems are theoreti cally quite interesting due to the interplay of HQET and NRQCD (jRosch, 



2003 



Sot' 



1 



2003^■ Also quarkonia-quarkonia 



(Bhanot and Peskin 



1979; 



s cattering may 



Fuiii and Kharzeev . 



1999; 



Peskin . 



be studied along the lines of 



1979; 



Vairo 



20001 ) 



We feel that we are at the beginning of a time where most aspects of the physics of heavy 
quarkonium, and of similar systems, will be addressed in terms of EFTs of QCD. This is 
more than a change in language. It is moving this physics from being a battleground of 
competing models to being a source of some of the fundamental parameters of the Standard 
Model, a reliable test of its validity in the strong interaction sector and a unique laboratory 
for the study of QCD properties. 
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